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Abstract

A graph is called almost self-complementary if it is isomorphic to one of its almost
complements X© — Z, where X° denotes the complement of X and Z a perfect match-
ing (1-factor) in X¢. Almost self-complementary circulant graphs were first studied by
Dobson and Sajna in 2004. In this paper we investigate some of the properties and con-
structions of general almost self-complementary graphs. In particular, we give necessary
and sufficient conditions on the order of an almost self-complementary regular graph,
and construct infinite families of almost self-complementary regular graphs, almost self-
complementary vertex-transitive graphs, and non-cyclically almost self-complementary
circulant graphs.

Keywords: Self-complementary graph, almost self-complementary graph, homogeneously
almost self-complementary graph, non-cyclically almost self-complementary circulant
graph, isomorphic factorization, homogeneous factorization.

1 Introduction

A graph X is said to be self-complementary if it is isomorphic to its complement X°C.
Similarly, a graph X on an even number of vertices is said to be almost self-complementary
if it is isomorphic to a graph (called an almost complement of X) obtained from X€ by
removing the edges of a 1-factor of X¢. The study of almost self-complementary graphs
was first suggested by Brian Alspach, who, encouraged by an analogous result for self-
complementary circulant graphs [1, 6], proposed the determination of all possible orders
of almost self-complementary circulant graphs. However, as it transpires from [3], where
this problem was solved for a particularly “nice” subclass of almost self-complementary
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circulants (called cyclically almost self-complementary circulants), the structure of almost
self-complementary graphs is much more complex than that of self-complementary graphs.
The major difference between these two classes of graphs is best understood in a more
general context of isomorphic factorizations of graphs.

An isomorphic factorization of a graph Y = (V, E) is a partition P (the size of which is
referred to as the indezx) of E such that the factors (V) E;), E; € P, are mutually isomor-
phic. Clearly, if X is a self-complementary graph, then the edge sets of X and X° form an
index-2 isomorphic factorization of a complete graph. Conversely, the factors of an index-2
isomorphic factorization of a complete graph are self-complementary graphs. Similarly, if
X is an almost self-complementary graph on 2n vertices and X* an isomorphic almost com-
plement of X, then the edge sets of X and X* form an index-2 isomorphic factorization of
a graph isomorphic to the “cocktail party graph” Ky, — nKs. (Note that this graph may
not be unique; it depends on the choice of X*.) Conversely, factors of an index-2 isomor-
phic factorization of a “cocktail party graph” are isomorphic mutual almost complements.
Even though the above might suggest that there are no profound differences between self-
complementary and almost self-complementary graphs, a very particular nature of almost
self-complementary graphs becomes apparent when automorphisms of isomorphic factor-
izations are considered.

An automorphism of an isomorphic factorization P of a graph Y is an automorphism
of Y which (when viewed as a permutation on the edge set of Y') preserves the partition
P. The group of all automorphisms of P acts on the set P in a natural way, permuting
the factors. The kernel of this action is the intersection of the automorphism groups of all
factors. In the case of a self-complementary graph X, every isomorphism from X to its
complement X¢ is also an automorphism of the corresponding isomorphic factorization of
a complete graph. Similarly, every automorphism of X is also an automorphism of X¢, and
hence an element of the automorphism group of the corresponding isomorphic factorization
of a complete graph that acts trivially on the set of factors.

This nice situation changes drastically in the case of almost self-complementary graphs.
For example, there exists an almost self-complementary graph such that the automorphisms
of all corresponding isomorphic factorizations act trivially when viewed as permutations of
the factors (see Lemma 2.13 and Figure 4), that is, no isomorphism from this graph to
an almost complement is an automorphism of the corresponding isomorphic factorization.
Furthermore, the subgroup of automorphisms of an almost self-complementary graph X
that are also automorphisms of the corresponding isomorphic factorization may be much
smaller than Aut(X); for example, the cycle on 6 vertices is an almost self-complementary
graph with a vertex-transitive automorphism group, but the automorphism group of the
corresponding isomorphic factorization is not vertex-transitive. Also, there exists an almost
self-complementary graph on 14 vertices (arising from Construction 4.2) with the property
that the automorphism group of one of the corresponding isomorphic factorizations (we
do not know if it is unique) is trivial. It would be interesting to know if there exists an
almost self-complementary graph such that this is true for all corresponding isomorphic
factorizations (see Problem 7.1). These examples show that almost self-complementary
graphs share many peculiarities with arbitrary isomorphic factorizations, and since they
are in some sense the simplest kinds of “general” isomorphic factorizations, we find them



worthwhile of study not only for their own sake, but also to gain some insight into the
complexity of the general problem.

This article is organized as follows. In Section 2 we give precise definitions and prove
some basic results. In Section 3 we present three binary operations on graphs that, when
applied to appropriate graphs, result in almost self-complementary graphs. In most of the
remaining sections, these operations are used to construct several infinite families of almost
self-complementary graphs; in particular, regular almost self-complementary graphs are
constructed in Section 4, vertex-transitive almost self-complementary graphs in Section 5,
and non-cyclically almost self-complementary circulant graphs in Section 6. One of these
constructions, for example, shows that regular almost self-complementary graphs exist for
all even orders — in contrast with regular self-complementary graphs, which exist only for
orders congruent to 1 modulo 4. In Section 5, homogeneously almost self-complementary
graphs, that is, vertex-transitive graphs that give rise to a special kind of isomorphic fac-
torizations called homogeneous factorizations (see [4, 5]), are distinguished. An in-depth
analysis of these graphs is the topic of separate articles [10] and [11]. Finally, in Section 7,
we pose some open questions about almost self-complementary graphs that we think are
worth considering in future.

2 Preliminaries

We begin by reviewing some basic terms from graph theory and setting up the notation
before introducing terminology specific to almost self-complementary graphs. For termi-
nology and concepts from the theory of permutation groups, the reader is referred to [2].
We note, however, that superscript notation will be used here for group action. That is, if
(G is a subgroup of the symmetric group Symq acting on a set {2, then the image of a point
a € ) by an element a € G will be denoted a®. Similarly, G¥ will denote the conjugate of
the group G by the element ¢ € Symy,, that is, G¥ = {a¥ : a € G} where a¥ = ¢ lagp.

For a set V, let V(?) denote the set {{u,v} | u,v € V,u # v}. A graph is an ordered
pair (V, E), where V is any finite non-empty set and E any subset of VA I X = (V,E)
is a graph, then the sets V' and E are called the vertex set and edge set of X, and denoted
by V(X) and E(X), respectively. The complement of a graph X = (V,E) is the graph
(V,V@ \ E) denoted by XC. If v is a vertex of a graph X = (V, E), then the set of all
vertices adjacent to v is denoted by X (v) and called the neighbourhood of v in X. The size
of the neighbourhood X (v) is called the valency of v in X and denoted by valx (v), where
the subscript X may be omitted if it is clear from the context what the graph X is. A
partition of a set V into subsets of size 2 is called a perfect matching on V. If X = (V, E)
is a graph and 7 a perfect matching on V with Z C FE, then we say that 7 is a perfect
matching in X, and F' = (V,Z) is called a I-factor in X.

Definition 2.1 Let X be a graph with vertex set V of even size and let Z be a perfect
matching in X€. An almost complement of X with respect to T , denoted by ACz(X), is
the graph

with vertex set V and edge set V?)\ (E(X)UZ). A graph is called an almost complement
of X, if it is the almost complement of X with respect to some perfect matching in X°.



Definition 2.2 A graph X is said to be almost self-complementary with respect to a per-
fect matching T in X© if it is isomorphic to ACz(X). A graph X is called almost self-
complementary if there exists a perfect matching Z in X¢ such that X = ACz(X).

Definition 2.3 An antimorphism of a graph X = (V| E) is any permutation ¢ € Symy,
such that E¥ N E = (). The set of all antimorphisms of a graph X is denoted by Ant(X).

Definition 2.4 For a graph X and ¢ € Ant(X) we define a function fx, : V(X) — Z by
Ix,p(u) = valx (u) + valx (u?) for all u € V(X).

Definition 2.5 An antimorphism ¢ of a graph X is called an i-antimorphism of X if
fx,p(u) =|V(X)| —1—ifor all ue V(X). The set of all i-antimorphisms of a graph X is
denoted by Ant;(X).

Clearly, a graph is self-complementary if and only if it admits a 0-antimorphism, and
any antimorphism of a self-complementary graph is a 0-antimorphism. Observe also that
any antimorphism of a k-regular graph of order n is necessarily an i-antimorphism for
i=n—1-2k.

The following lemma introduces a simple characterization that will be used later in the
paper to prove that our constructions yield almost self-complementary graphs.

Lemma 2.6 A graph X = (V, E) is almost self-complementary if and only if it admits a
1-antimorphism. In particular, a reqular graph on 2n vertices is almost self-complementary
if and only if it has valency n — 1 and admits an antimorphism.

PROOF. Suppose first that X is a graph that is almost self-complementary with respect
to perfect matching Z in X€. Let ¢ be an isomorphism from X to X¥ = ACz(X). Then
E¥ = E(X%), and since E N E(X?) = (), the permutation ¢ is an antimorphism of X.
Furthermore, since V(2 is a disjoint union of E, E(X¥) and Z, we have fx ,(v) = valx (v)+
valx (v?) = valxe (v?) + valx (v¥) = | X¥(v?) U X (v?)| = |V| — 2 for every vertex v € V.
Hence ¢ is a 1-antimorphism of X.

Suppose now that X is a graph with a l-antimorphism ¢, that is, such that fx ,(v) =
val(v)+val(v?) = |V|—2 for every vertex v € V. Since by the definition of an antimorphism
E N E¥ = (), the antimorphism ¢ is an isomorphism from X to X¥ = (V, E¥), which is a
subgraph of X¢. We just need to show that Z = V) \ (FUE¥) is a perfect matching. Take
any v € V. Then valx (v) + valxe (v) = valx (02 )®) + valye (09 )%) = valx ((v? )¥) +
valy (v? ') = fX’go(v‘fl) = |V| — 2, whence (V,Z) is a regular graph of valency 1 and 7 is
a perfect matching. Hence X¥ = ACz(X) and X is almost self-complementary. |

In the next few definitions we introduce terminology that will allow us to examine
the action of a l-antimorphism of an almost self-complementary graph on the edges of its
corresponding perfect matching. An overview of smallest almost self-complementary graphs
follows.



Graph X with a perfect Z-fair Z-unfair
matching 7 in X¢ l-antimorphism 1-antimorphism

L ®9 p= id none

v=(1,3) none

16 —92

()0:(1727374) ¢:(27473)

Figure 1: Almost self-complementary graphs of order at most 4.

Definition 2.7 Let X = (V, E) be an almost self-complementary graph, ¢ € Antq(X), and
7 a perfect matching in X€. By Z,, we shall denote the perfect matching V(® \ (E U E¥)
corresponding to ¢, and by Ant(X,Z) the set of all 1-antimorphisms ¥ € Anty(X) with
EY=V@\(EUT).

Definition 2.8 A l-antimorphism ¢ of a graph X = (V| E) is called fair if it is an auto-
morphism of the graph (V, E U E¥), and unfair if it is not fair.

The following observation is immediate.

Lemma 2.9 Let X = (V, E) be an almost self-complementary graph, T a perfect matching
in X, and ¢ a I-antimorphism of X. Then ¢ is a fair 1-antimorphism of X and T =T,
if and only if I¥ =T.

PROOF. If ¢ is a fair 1-antimorphism of X, then clearly ZJ = Z,.

Conversely, suppose 7% = Z. Since ZN E = () and (Z, U E¥)? = Z, U E, we have that
1¥ C 1,, whence 7 = Z,. It is now easy to see that ¢ preserves £'U E¥, that is, that it is
fair. [ |

The previous lemma allows for the following convenient terminology. We shall say that
a l-antimorphism ¢ of an almost self-complementary graph X is Z-fair (Z-unfair) to mean
that it is fair (unfair) and Z is a perfect matching in X© such that Z = Z,. Note that the
perfect matching Z with respect to which ¢ is fair or unfair is uniquely determined by ¢.

Definition 2.10 The set of all Z-fair 1-antimorphisms of X is denoted by Antz(X).



Graph X with a perfect T-fair Z-unfair
matching 7 in X© l-antimorphism 1-antimorphism

60"':. v =(1,6)(3,5) none

o o= (1,6)(2,3,5,4) ¥ =(1,6)(3,4,5)

v =1(1,6,2,3) none
v =(1,3)(2,6) none
v =(2,5)(4,6) none

¥ = (1a6)(2a4) Y= (176)(27374)

Figure 2: Almost self-complementary graphs of order 6 (continued in Figure 3).



Graph X with a perfect Z-fair Z-unfair
matching Z in X© l-antimorphism l-antimorphism

¢ =(2,3,6,5) ¥ =(1,2,4,5,3)

¢=1(1,2,3,4,5,6) ¢ =(1,4,3,2,5,6)

Figure 3: Almost self-complementary graphs of order 6 (continued from Figure 2).

Definition 2.11 An automorphism « of X is called Z-fair if 7% = Z. The subgroup of all
Z-fair automorphisms of X is denoted by Autz(X).

Note that Antz(X) C Ant(X,Z) C Ant1(X) C Ant(X) and Autz(X) < Aut(X).

Definition 2.12 Let X be an almost self-complementary graph and Z a perfect matching in
XC. Then X is called Z-fairly (Z-unfairly) almost self-complementary if it admits an Z-fair
(Z-unfair) 1-antimorphism. A graph is called fairly (unfairly) almost self-complementary if
it is Z-fairly (Z-unfairly) almost self-complementary for some perfect matching Z in X©.

The list of all almost self-complementary graphs of order at most 6 is presented in
Figures 1, 2, and 3. Up to isomorphism, each graph X on the list admits exactly one perfect
matching Z (depicted in dotted lines) in the complement X€ such that the corresponding
almost complement ACz(X) is isomorphic to X. The table also indicates whether the graph
is fairly and/or unfairly almost self-complementary. Figure 4 shows an unfairly but not
fairly almost self-complementary graph of smallest order (see Lemma 2.13). From these
small examples we shall construct infinite families of graphs that are fairly and unfairly
almost self-complementary, fairly but not unfairly almost self-complementary, and unfairly
but not fairly almost self-complementary (see Corollary 3.3).

Lemma 2.13 The graph X in Figure 4 is a smallest unfairly but not fairly almost self-
complementary graph.

PROOF. First observe that ¢ = (1,5,4,2,3,6) is an unfair 1-antimorphism of X, whence
X is unfairly almost self-complementary.

Suppose X admits a fair 1-antimorphism ¢. Partition V' (X) into sets A, B, C of vertices
with equal valencies, namely, A = {1,3,4}, B = {2,5,6}, and C = {7,8}. Then C¥ = C



Figure 4: A smallest unfairly but not fairly almost self-complementary graph X with a
perfect matching Z (dotted lines) in X© and an Z-unfair 1-antimorphism ¢ = (1,5,4,2,3,6).

while A¥ = B (and BY = A). Since X[A] and X[B] are both isomorphic to Ky + K,
the perfect matching Z, must have an edge in A and an edge in B (since all edges of X%
are images of edges of X). Observe that if Z, N X[AU B]® = {{1,4},{2,5}, {3,6}}, then
¢ can not be extended to a l-antimorphism of X. Hence it is not difficult to see that
Z,N X[AU B] is either {{1,3},{2,5},{4,6}} or {{1,4},{2,6},{3,5}}. In the first case, o
clearly interchanges the vertices 4 and 6, but the restriction of ¢ to the set {1,2,3,5} can
not be a required 1-antimorphism of the induced graph P» + K;. The second case is shown
to be impossible in a similar way. Thus, X admits no fair 1-antimorphisms.

Since all almost self-complementary graphs of order at most 6 are fairly almost self-
complementary (see Figures 1, 2, and 3), we conclude that X is an unfairly but not fairly
almost self-complementary graph of minimum order. |

We next present a few observations on the relationship between the automorphisms and
l-antimorphisms of an almost self-complementary graph. The easy proof of the first is left
to the reader.

Lemma 2.14 Let X be an almost self-complementary graph and ¢ € Ant(X,Z). Then:
(1) Autz(X) = Autz(X?) = Aut(X) NAut(X¥) = Aut(X) N Aut(X)?.
(il) Ant(X,Z) = Aut(X)p. In particular, if Aut(X) is trivial, then Ant(X,7) = {¢}.

(i) If ¢ is Z-fair, then Antz(X) = Autz(X)e.

Lemma 2.15 Let X = (V, E) be an almost self-complementary graph of order at least /
and T a perfect matching in XC.

(i) If M < Aut(X) and ¢ € Ant(X,Z) such that M is a normal subgroup of index 2 in
(M, p), then M < Autz(X) and ¢ € Antz(X).

(ii) If ¢ is an Z-fair 1-antimorphism of X, then Autz(X) is a normal subgroup of index
2 in (Autz(X), ¢).



Proor. To prove (i), assume M < Aut(X) and ¢ € Ant(X,Z) such that M is a
normal subgroup of index 2 in (M, ¢). Then ©?> € M and M¥ = M. The former implies
(E¥)¥ = E, whence Z%¥ = 7 and ¢ € Antz(X). Since ¢ normalizes M, for any a € M we
have E¥*¢"' = E_ whence (E¥)* = E¥ and therefore T = T, showing that a € Autz(X).
The conclusion follows easily.

To prove statement (ii), assume ¢ is an Z-fair 1-antimorphism of X. Hence Z¥ = 7 and
(E¥)? = E. Thus ¢? € Autz(X), and for any o € Autz(X) we have pa € Autz(X )¢ since
pap~! € Autz(X). Therefore Autz(X) is a normal subgroup of index 2 in (Autz(X),¢),
and (ii) follows. |

Proposition 2.16 Let the graph X = (V,E) be almost self-complementary graph with
respect to a perfect matching I in X€. Consider the following two statements:

Si: Ant(X,7) = Antz(X) and
Sa: Aut(X) = Autz(X).

Then S1 implies Sy. Conversely, Sy implies Sy if at least one of the following conditions is
satisfied:

A: X is I-fairly almost self-complementary.

B: Each orbit of Aut(X) on E has size greater than %

C: X is edge-transitive.

PROOF. (57 = S3): Take any a € Aut(X) and any antimorphism ¢ € Ant(X,7) =
Antz(X). Then ay is an antimorphism in Ant(X,Z) by Lemma 2.14, and so 7% = 7
by the assumption. But since A - 7, we must have 7% = Z. Thus ZA"X) = 7 and
Aut(X) = Autz(X).

(S2 AN A= S51): Assume that Aut(X) = Autz(X) and ¢ is an Z-fair 1-antimorphism of
X. If S; does not hold, then there exists ¢ € Ant(X,Z) \ Antz(X). But then a = gy~ €
Aut(X) is not Z-fair, a contradiction. Hence S; follows.

(S2 A B = S1): Let X* = ACz(X) = (V,E*). Assume that Aut(X) = Autz(X) and

that the size of each orbit of Aut(X) on FE is greater than % Hence by Lemma 2.14,

Aut(X) = Aut(X™), and so the size of each orbit of Aut(X) on E* is also greater than |—‘2/|
Take any antimorphism ¢ € Ant(X,Z). Suppose Z% # Z. Then there exists e € E* such
that e¥ € Z. Since the orbit of Aut(X) containing e has size greater than |Z|, there exists
o € Aut(X) such that (e%)? & Z. Hence (¢9)¥ @ & T. But ¢ o € Aut(X*) = Aut(X),
whence I~ '@¥ =T , contradicting e¥ € Z. We conclude that Z¥ = 7 for all antimorphisms
¢ € Ant(X,7Z), and S; follows.

Since condition C' implies condition B, statements So and C also imply .5;. [ |

Corollary 2.17 If X is an Z-fairly almost self-complementary graph, then X is Z-unfairly
almost self-complementary if and only if X admits an automorphism that is not I-fair.



Proposition 2.16 also shows that statements S; and Sy are not equivalent for a graph X
that is almost self-complementary graph X with respect to a perfect matching Z in X ¢ if and
only if X is not Z-fairly almost self-complementary and Aut(X) = Autz(X). An example of
such a graph X is found in Figure 4. Lemma 2.13 shows that X is Z-unfairly but not Z-fairly
almost self-complementary, and it is not difficult to see that Aut(X) = Autz(X) = {(7,8)}.

3 Constructions of almost self-complementary graphs

In this section we present general constructions for almost self-complementary graphs via
three binary operations: skew joins, partial joins, and lexicographic products. In most
constructions we also determine the conditions on component graphs to yield fairly and/or
unfairly almost self-complementary graphs.

The following terminology will be used in this and the remaining sections. An ordered
bipartition of a set S is an ordered pair (A, B) of subsets of S such that {A, B} is a partition
of S. If (A1, Ag) is an ordered bipartition of a set S and «; a permutation on A;, i = 1,2,
then (a1, ag) will denote the permutation on S defined by zlone2) — zoi for all z € A;,
i=1,2.

3.1 Skew joins

Definition 3.1 Let X and Y be graphs with disjoint vertex sets, and let (U, Us) be an
ordered bipartition of V(X). The skew join (X, (U1,Us2)) 4 Y of X and Y with respect
to the ordered bipartition (Uy,Us) of V(X)) is the graph with vertex set V(X)U V(Y and
edge set E(X)UE(Y)U{zy : x € Uy,y € V(Y)}. We shall write shortly X « Y for
(X, (Uy,Uz2)) 4 Y if it is understood what the ordered bipartition of V(X) is.

Lemma 3.2 Let X and Y be almost self-complementary graphs of orders 2m and 2n,
respectively. Let (Uy,Us) be an ordered bipartition of V(X) such that |Ui| = |Us|, and
suppose X admits a 1-antimorphism ¢ with U = Us. Then the skew join X €'Y with
respect to the ordered bipartition (Uy,Us) of V(X) is an almost self-complementary graph.
Furthermore, if max{valx(z) : x € Us} + max{valy (y) : y € V(y)} < m + 2n — 2, then:

(i) X Y is fairly almost self-complementary if and only if X admits a fair 1-antimorphism
¥ with Uf =Usy and Y is fairly almost self-complementary.

(il) X 4 Y is unfairly almost self-complementary if and only if X admits an unfair 1-
antimorphism 9 with U}9 = U orY is unfairly almost self-complementary.

(iii) If X admits a fair 1-antimorphism 9 with UY = Us, then X <« Y is fairly (un-
fairly) almost self-complementary if and only if Y is fairly (unfairly) almost self-
complementary.

PROOF. Let ¢ be a 1-antimorphism of X with U{ = Us. If ¢ is any 1-antimorphism of
the graph Y, then clearly ¥ = (¢, ) is an antimorphism of X €Y. Since

Ixavo(y) = valx @ (y) + valy qv (yY) = valy (y) + m + valy (y¥) + m = 2m + 2n — 2

10



for all y € V(Y), and
fX<y7\1;(SU) = Va1X<y(I) + Va1X<y($‘ll) = Valx($) + 2n + ValX(:ﬁ”) =2m+2n —2

for all x € V(X), we have that ¥ is a l-antimorphism of X 4 Y, and X « Y is almost
self-complementary by Lemma 2.6.

Let A = max{valy(y) : v € V(y)}, § = min{valy(y) : v € V(y)}, and A; =
max{valx(z) : z € U;}, 0; = min{valx(x) : x € U;} for i € {1,2}. Then A +0 = 2n — 2,
and Ay + do = Ag 4+ 01 = 2m — 2 by the existence of ¢ and Lemma 2.6. Assume for the
rest of the proof that Ay + A <m + 2n — 2.

First we show that any l-antimorphism of X €Y fixes V(X) and V(Y') setwise. Take
any U € Anty (X «Y). Forany y € V(Y) we have that m+6 < valx g (y) = m+valy (y) <
m + A, whence

m42n—2—A <valyq(y¥) <m+A
as valy @ (y¥) = 2m +2n — 2 — valx @ (y) by Lemma 2.6, and since § = 2n —2 — A. Using
the assumption Ay + A < m + 2n — 2, we similarly obtain

valyqv (1) =2n+valx(z1) >2n+ 6 =2m+2n—2—Ay >m+ A
for all 1 € Uy, and
valy v (22) = valx(z2) < Ag<m+2n—2-—A
for all 9 € Uy. Thus

valy qv (22) < valy qv (y¥) < valx ¢y (1)

for all y € V(Y),2; € U;. We conclude that y¥ € V(Y) for all y € V(Y) and therefore
¥ € V(X) for all # € V(X). Note that this also implies U = U, by the definition of a
skew join.

Now suppose that X <« Y is fairly almost self-complementary. Let ¥ be a fair 1-
antimorphism of X <« Y. By the observation above, there exist l-antimorphisms ¢ of
X and % of Y such that ¥ = (9,¢) and Uy = Us. Moreover, since ¥ is fair, the 1-
antimorphisms ¢ and 1 will be fair. Thus X admits a fair 1-antimorphism 1 with U{g =U,
and Y is fairly almost self-complementary.

Conversely, suppose X admits a fair 1-antimorphism ¢ with Uf = Uy and Y is fairly
almost self-complementary. Then clearly, for any fair l-antimorphism ) of Y, the 1-
antimorphism (¢,1) of X <« Y will be fair. Hence X <« Y will be a fairly almost self-
complementary graph.

To prove statement (ii), assume first that X <« Y is unfairly almost self-complementary
and let ¥ be an unfair 1-antimorphism. Again, we rely on the observation that there exist
l-antimorphisms ¥ of X and v of Y such that ¥ = (9,4 and UY = Us. Since ¥ is unfair,
at least one of ¥ and ¢ is unfair. The right side of the equivalence (ii) follows.

Finally, suppose that X admits an unfair 1-antimorphism ¥ with Uf =Uz orY is un-
fairly almost self-complementary. In the first case, (1, 1) will be an unfair 1-antimorphism of

11



X «4Y for any 1-antimorphism % of Y. In the second case, if ¢ is an unfair 1-antimorphism
of Y, then (p,1), where ¢ is a l-antimorphism of X with U/ = Us, will be an unfair 1-
antimorphism of X €4 Y. Thus X <« Y is unfairly almost self-complementary in either
case.

Statement (iii) of the lemma easily follows from statements (i) and (ii). |

The easy corollary below gives constructions of fairly /unfairly almost self-complementary
graphs of all possible orders.

Corollary 3.3 An almost self-complementary graph of order 2k exists for every k > 1.
Moreover,

(i) there exists a fairly but not unfairly almost self-complementary graph of order 2k if
and only if k > 1;

(ii) there exists a fairly and unfairly almost self-complementary graph of order 2k if and
only if k > 2;

(iii) there exists an unfairly but not fairly almost self-complementary graph of order 2k if
and only if k > 4.

PrROOF. Let X be the graph 2K of order 2m for m = 1. Then X is almost self-
complementary with a natural ordered bipartition (U;,Us) and a l-antimorphism ¢ such
that U = Us. Furthermore, for any almost self-complementary graph Y;, of order 2n, we
have max{valx(z) : = € Uz} + max{valy(y) : y € V(y)} = max{valy(y) : y € V(y)} <
2n — 2 < m + 2n — 2. Hence by Lemma 3.2, X <« Y is fairly (unfairly) almost self-
complementary whenever Y, is.

To construct a fairly but not unfairly almost self-complementary graph Y of order 2k
for all k > 1, we recursively define Y1 = 2K and Y, = X €« Y;_q for k > 2.

To construct a fairly and unfairly almost self-complementary graph Y; of order 2k for
all kK > 2, we start with Yo = 2K and recursively define Y, = X 4 Y, for k > 3.

To construct an unfairly but not fairly almost self-complementary graph Y, of order 2k
for all £ > 4, we let Yy be the graph from Figure 4 and Lemma 2.13, and recursively define
Y, =X 4Y;,_q for k> 5.

Figure 1 and Lemma 2.13 show that there is no fairly and unfairly almost self-comple-
mentary graph of order 2, and no unfairly but not fairly almost self-complementary graph
of order at most 6, respectively, whence the conditions on the orders are also necessary. Wl

3.2 Partial joins

A “balanced” variation on skew joins, partial joins will be used in subsequent sections to
construct regular and vertex-transitive almost self-complementary graphs.

Definition 3.4 Let X and Y be graphs with disjoint vertex sets, and let (U, Uz) and
(Wa, W3) be ordered bipartitions of V(X) and V (Y'), respectively. The partial join (X, (U1, Uz))4
(Y, (W1, W3)) of X and Y with respect to ordered bipartitions (Uy, Us) and (W1, Wy) is the
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graph with vertex set V(X)UV(Y) and edge set E(X)UE(Y)U{uw; | u; € Uj,w; € Wy,i €
{1,2}}. We shall write shortly X Y for (X, (U1, U2))#(Y, (W1, Wa)) if it is understood what
the two ordered bipartitions are.

Lemma 3.5 Let X and Y be almost self-complementary graphs with disjoint vertex sets ad-
mitting ordered bipartitions (Uy,Us) of V(X) and (W1, Wa) of V(Y), and 1-antimorphisms
© € Ant1(X) and ¢ € Ant1(Y) such that U = Uy and Wlw = Way. Then the partial join
X @Y with respect to the given ordered bipartitions is an almost self-complementary graph.
Morever:

(i) If both X and Y are regular graphs and |Ui| = |Us|, then X #Y is also regular.

(ii) If ¢ and ¢ are fair 1-antimorphisms of X and Y, respectively, then X Y is fairly
almost self-complementary.

(iii) If at least one of ¢ and v is unfair, then X #Y is unfairly almost self-complementary.

PROOF. Since ¢ € Ant;(X) and ¢ € Ant;(Y) are 1-antimorphisms such that U = Uy
and Wfb = Wha, it is not difficult to see that ¥ = (¢, 1)) is an antimorphism of X Y. Since
|W1| = |Wa|, we have

fxevw(z) = valxey(z)+ valX¢y(:U‘I’) = valx(x) + |W;| + valx (z%) + |W;]
= VX[ =2+ V()| =[V(X#Y)] -2

for all x € U;, i € {1,2}, and

fX.y@(w) = Valx.y(w) + Valx.y(wqj) = Valy(w) + |Uz| + Valy(w¢) + |U37i|
= [VIY)[ =2+ |V(X)[=|V(X4Y)| -2

for all w € W;, i € {1,2}. Therefore ¥ is a l-antimorphism of X Y and X 4Y is almost
self-complementary by Lemma 2.6.

If X and Y are regular almost self-complementary graphs, then their valencies must be
$IV(X)| — 1 and |V(Y)| — 1, respectively. If, in addition, |U;| = |Us|, then valy ¢y (z) =
V(X)) =1+ 4{V(Y)] for all z € V(X), and valx ey (w) = 5|[V(Y)| — 1 + 3|V(X)| for all
w € V(Y), whence X Y is regular.

Finally, if ¢ and v are both fair, then clearly W is fair, and if at least one of ¢ and v is
unfair, then W is unfair. Hence the last two statements of the lemma. [ |

3.3 Wreath products

It has been noted in [3] that the wreath (or lexicographic) product X ! K2¢, where X is
a self-complementary circulant, is an almost self-complementary circulant. We extend this
method in Theorem 3.8 to construct general almost self-complementary graphs. But first
we need to review a few facts about wreath products of groups and graphs.
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Definition 3.6 Let U = {uj,u2,...,uy} and V be finite sets of cardinalities m and n,
respectively, and let H < Sym;; and K < Symy, be permutation groups on the sets U and
V', respectively. The imprimitive wreath product H! K of K by H is the permutation group
with elements of the form (h,kq,...,k,,) for h € H and ky,...,k, € K, acting on the set
U x V according to the rule

(0 ) = (o)

for all i € {1,2,...,m} and v € V. If S and T are subsets of the groups H and K,
respectively, then we similarly define the subset ST of H ! K.

The subgroups B(H'K) = {(1g,k1,...,km) ki€ K,i=1,2,...,m} and A(H1K) =
{(h,k,k,...,k): h€ H k€ K} of Hl K are referred to as the base group and the diagonal
group of H ! K, respectively.

Note that the product in the group H!K obeys the rule (h, k1,. .., kn)(R Ky, ... k) =
(hB' k1K, oo kmk! ), where for 4 € {1,...m}, the index i" is defined by u;" = u;n.
Observe also that the diagonal group A(HK) is isomorphic to the direct product H x K (in
its natural action on U x V'), while the base group B(H ! K) is isomorphic to the group K.
We also remark that the product H { K as defined here is often denoted by K wr H or also
by KU H (see for example [2]). The motivation for our notation lies in the following lemma,
the proof of which is left to the reader. Recall that the wreath (or lexicographic) product
XY of graphs X and Y is the graph with vertex set V(X 1Y) =V(X) x V(Y) and edge
set B(X 1Y) = {{(z1,11), (z2,y2)} : {z1,22} € E(X), or 1 = z2 and {y1,y2} € E(Y)}.

Lemma 3.7 Let X and Y be graphs. If G and H are subgroups of the automorphism
groups Aut(X) and Aut(Y), respectively, then Gt H < Aut(XY). In particular, if G is
a regular subgroup of Aut(X) and if H is a reqular subgroup of Aut(Y'), then the diagonal
group A(GU1H) = G x H is a regular subgroup of Aut(X1Y).

Theorem 3.8 Let X be a self-complementary graph and Y a graph that is almost self-
complementary with respect to a perfect matching I in Y. Let I* denote the perfect
matching KV(X)C VT in (X 1Y), Then:

(i) XY is almost self-complementary with respect to the perfect matching T*.
(i) Ant(X)Ant(Y,Z) C Ant(X Y, Z%).

(iii) If Y is Z-fairly (Z-unfairly) almost self-complementary, then X 1Y is T*-fairly (Z*-
unfairly) almost self-complementary.

If Aut(X 1Y) = Aut(X) 1 Aut(Y), then:
(iv) Ant(X) 2 Ant(Y,T) = Ant(X Y, T*) and

(v) Y is Z-fairly (Z-unfairly) almost self-complementary if and only if XY is T*-fairly
(Z*-unfairly) almost self-complementary.
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PrROOF. Denote the vertex sets of X and Y by U and V, respectively, where U =
{u,ug,...,up} and |V| = n. First notice that Ant(X)? Ant(Y,Z) is a non-empty set
since Ant(X) and Ant(Y,Z) are non-empty sets. Take any ® € Ant(X)? Ant(Y,Z). Then
O = (p,1,%9,...,1%y) for some p € Ant(X) and 1,9, ..., ¢y € Ant(Y,Z), and ® acts
as

(ui, v)® = (uy,v)PP1¥2¥m) — (uf’vwi)

for all u; € U, v € V. We will show that ® is a 1l-antimorphism of X Y.

Let uj,u; € U and v,w € V be such that {(u;,v), (u;,w)} € E(X1Y). We need to
show that {(u;,v)?, (uj, w)*} € E(X®1ACZ(Y)). We have that either {u;,u;} € E(X), or
uj = uj and {v,w} € E(Y). In the first case, {uf,uf} € E(X) and uf # u} since ¢ is an
antimorphism of X, so {(u/, v%), (u7,w?)} € E(X©ACZ(Y)). In the second case, u) = u
but {v¥i,w¥} € E(ACZ(Y)) since 1; = 1b; € Ant(Y,Z), and so {(uf,vwi),(uf,wd’f)} €
E(X€1ACz(Y)). Therefore, {(u;,v)?, (uj,w)®} € E(X®1ACZ(Y)). Since X¢1 ACZ(Y) is
a subgraph of (X 1Y) = X1 Y° and is edge-disjoint from Z* = K;;°1Z, we conclude that
XCUACZ(Y) = ACz+(X 1Y) and ® € Ant(X 1Y,Z*). Thus statements (i) and (ii) follow.

Since T* = Ky©U1Z, it is not difficult to see that {v,w}¥ = {v¥i, w¥} € T for all
{v,w} € Tand all j = 1,2,...,m if and only if {(u;,v), (us, w)}* = {(uf,v?), (uf, w¥)} €
Z* for all {(u;,v), (us, w)} € T*. Hence ® = (p, 11,12, . ..,y ) is an Z*-fair 1-antimorphism
of XY if and only if all ¢, for j = 1,2,...,m, are Z-fair 1-antimorphisms of Y. Statement
(iii) now naturally follows from (ii) and, similarly, statement (v) will follow from (iv).

Assume now that Aut(X 1Y) = Aut(X) ! Aut(Y). Take any ¥ € Ant(X Y, Z%).
By Lemma 2.14, we have Ant(X ! Y,7*) = Aut(XY)® for a l-antimorphism ® as
above, and hence by the assumption there exist & € Aut(X) and 3; € Aut(Y), for i =
1,2,...,m, such that ¥ = («, 1,02,...,8m)® = (a, 81,82, ..., Bm) (@, V1,02, ..., m) =
(awp, B1pra, Bathaa, ..., Btme), where ¢ is defined by wje = uf for all i = 1,2,...,m.
Since ap € Ant(X) and, by Lemma 2.14, §;1,0 € Ant(Y,Z) for all i = 1,2,...,m, we have
that ¥ € Ant(X) ! Ant(Y,Z). This, together with statement (ii), then implies (iv). |

We remark that Sabidussi [13] has shown that Aut(X 1Y) = Aut(X) ! Aut(Y) if and
only if the graph X contains no two vertices = and y with X (x) \ {y} = X(y) \ {=}.

4 Regular almost self-complementary graphs

Since a wreath product of regular graphs is a regular graph, Theorem 3.8 can be used
for constructing regular almost self-complementary graphs. However, regular almost self-
complementary graphs of some orders can not be constructed in this way. In this section
we present two constructions — one direct and one via partial joints — resulting in regular
almost self-complementary graphs of all possible orders. A short discussion on the “fairness”
of these graphs follows at the end of the section.

Keep in mind that every antimorphism of a regular almost self-complementary graph is
in fact a l-antimorphism (see Lemma 2.6).
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Construction 4.1 For each positive integer n we recursively construct a regular almost
self-complementary graph X,, on 2n vertices admitting an antimorphism ¢,, € Ant(X,)
with 2 orbits of size 1 and n — 1 orbits of size 2.

Let X; be the totally disconnected graph K>¢ and ¢; the identity permutation on
V(K5C). Clearly, ¢; € Ant(X;) and has 2 orbits of size 1.

Now suppose that we have already constructed X,, and ¢, € Ant(X,,) with the above
properties. If n is odd, let U; be a union of (n — 1)/2 @p-orbits of size 2 and one ¢,-orbit
of size 1. Similarly, if n is even, let U; be a union of n/2 orbits of size 2. In both cases,
let Uy = V(X,,) \ Uy and observe that (Uy, Uz) is an ordered bipartition of V(X,,) into two
@n-invariant subsets of equal size. Next, let Y = K5 let (Wi, W3) be the partition of
V(Y) into singletons, and let ¢ be the non-identity antimorphism of Y. By Lemma 3.5,
the partial join X, 11 = (X, (U1, Us))#(Y, (W1, W3)) is a regular almost self-complementary
graph. Furthermore, it admits an antimorphism ¢,1+1 = (pn, %) acting as ¢, on V(X,)
and as ¢ on V(Y). Hence, it has two orbits of size 1 and n orbits of size 2.

Since ¢ and 1) are both fair antimorphisms, by Lemma 3.5, each ¢, is a fair antimor-
phism and X, is a fairly almost self-complementary graph. Note, however, that X, = 2K,
and X3 & (g are also unfairly almost self-complementary as they admit antimorphisms
other than 9 and 3, respectively. It would be interesting to determine precisely which of
the graphs X,, from this construction are unfairly almost self-complementary.

Construction 4.2 We shall construct a regular almost self-complementary graph X =
(V,E) of order 2n for every integer n > 1. The details will depend on the congruency
class of n modulo 4, in all cases, however, we let V = Z,, and use the permutation
p=1(0,1,...,2n — 1) as an antimorphism of X. We shall define E so that p? preserves the
adjacency of all or “almost all” pairs of vertices.

First assume n = 1 or 2 (mod 4). Then there exists a partition {AJ, A}, A1} of
{1,2,...,n — 1} such that |AJ| = |A}| = [2], |A1] = [%1], AJ U A} contains only
even integers, and A; contains only odd integers. We define the edge set of X as

E = {{2i,2i+0}:0e A UAi€{0,1,....,n—1}}
U{{2i+1,2i+1+0}: L€ Aj,i€{0,1,...,n—1}}.

Then p is a 1-antimorphism of X with the corresponding perfect matching
I,={{i,i+n}:i€{0,1,...,n—1}}.

Next, let n = 0 (mod 4). Now we can find a partition {A9, A}, A1} of {1,3,4,5,,...,n—
1} such that |A}] = |A}| = 252, |A1] = %, AJ U A} contains only even integers, and A;
contains only odd integers. Then let

E = {{2i,2i+0}: € AyUA],i€{0,1,...,n—1}}
U{{2i+1,2i+1+¢}:0€ A,i € {0,1,...,n—1}}

U{{Qi,?i—i—n}:ie{O,l,...,g—l}}

U{{4i+1,4z’+3}:z’e{O,l,...,%—l}},
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whence p is a 1-antimorphism of X with the corresponding perfect matching
7,= {{4i+3,4i+5},{4i,4i+2}:ie {0,1,...,% —1}}.

Finally, let n = 3 (mod 4). There exist a partition {AY, A}, A1} of {1,2,...,n—2} such

that |AJ| = |A}| = ”T_?’, |A1| = "T_l, and A9 U A} contains only even integers while A;

contains only odd integers. We define

E = {{2,2i+¢}:0e A UAYi€{0,1,...,n—1}}
U{{2i+1,2i+1+¢}:0€ Ay i€{0,1,...,n—1}}

1
U{{Qi,2i+n1}:i€{1,2,...,n }}

2

u{{2¢+1,2¢+n}:ie{”;1,”;3,...,71—1}}u{{o,n}}

and observe that p is a l-antimorphism of X with the corresponding perfect matching
I,={{i,i+n}:i€{2,3....,n—-1}}U{{l,n}{n+1,0}}.

Lemma 4.3 A graph X of order 2n obtained in Construction 4.2 is an almost self-comple-
mentary reqular graph. Moreover, it is L,-fairly almost self-complementary whenever n # 3
(mod 4), and is I,-unfairly almost self-complementary whenever n =0 or 3 (mod 4).

PROOF. It is easy to see that the graphs from Construction 4.2 are regular and almost
self-complementary with an antimorphism p. It is also clear that in the case n = 1 or 2
(mod 4) the antimorphism p preserves Z, while in the cases n = 0 or 3 (mod 4) it does
not. In the case n = 0 (mod 4), however, it is not difficult to check that the permutation
@ on Zsy, defined by ¢(i) = —i+ 1 if ¢ is odd, and (i) =n — i+ 1 if i is even (with the
arithmetic modulo 2n) is an Z,-fair antimorphism of X. [ |

Note that in the case n = 3 (mod 4) of Construction 4.2, the antimorphism p is not fair.
Computer-aided calculation shows that for n < 30 these graphs have a trivial automorphism
group, whence, by Lemma 2.14, they do not admit an Z,-fair antimorphism.

The two constructions above allow for some interesting conclusions.

Corollary 4.4 There exists a reqular fairly almost self-complementary graph of order m if
and only if m is even. There exists a reqular fairly and unfairly almost self-complementary
graph of order m whenever m =0 (mod 8).

5 Vertex-transitive almost self-complementary graphs

In this section we shall introduce vertex-transitive almost self-complementary graphs. We
shall construct two infinite families, one via partial joints and the other via wreath products.
As a sensible analogue of vertex-transitive self-complementary graphs, the subfamily of
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homogeneously almost self-complementary vertex-transitive graphs (to be defined below)
will be distinguished.

If X is a vertex-transitive self-complementary graph and ¢ any antimorphism (necessar-
ily a O-antimorphism) of X, then Aut(X) is a normal subgroup of index 2 in (Aut(X), ¢).
By contrast, there exist almost self-complementary vertex-transitive graphs such that for
any vertex-transitive subgroup M of Aut(X) and any antimorphism (necessarily a 1-
antimorphism) ¢ of X, the group M is not normalized by ; the smallest example is the cycle
of length 6. Although general almost self-complementary vertex-transitive graphs may be
interesting on their own, to obtain structural results similar to those on self-complementary
vertex-transitive graphs we shall focus on homogeneously almost self-complementary graphs.
In Lemma 2.15, we have seen that for any almost self-complementary graph X, if M <
Aut(X) and ¢ € Ant(X,7) such that M is a normal subgroup of index 2 in (M, ¢), then
¢ € Antz(X) and M < Autz(X), and if ¢ € Antz(X), then Autz(X) is necessarily a nor-
mal subgroup of index 2 in (Autz(X),¢), provided X 2 K5 These observations suggest
the following definition.

Definition 5.1 Let X be a graph on at least 4 vertices that is Z-fairly almost self-comple-
mentary with respect to a perfect matching Z in X¢. Then X is said to be Z-homogeneously
almost self-complementary if Autz(X) acts transitively on V(X). A graph X is called ho-
mogeneously almost self-complementary if it is Z-homogeneously almost self-complementary
for some perfect matching Z in X¢.

In the introductory section we mentioned the correspondence between almost self-
complementary graphs of order 2n and index-2 isomorphic factorizations of the graph
Ky, — nKs. Similarly, a homogeneously almost self-complementary graph of order 2n
corresponds to a homogeneous index-2 factorization of the graph Ky, — nKs; whence our
choice of the term. Homogeneous factorizations of complete graphs were first defined in [8]
and later generalized to arbitrary graphs and digraphs [4, 5|. A homogeneous factorization
of a graph Y is thus defined as a quadruple (M, G,Y,P), where M < G < Aut(Y), P is a
G-invariant partition of the edge set of Y, G acts transitively on P, and M acts transitively
on the vertex set of Y (and is usually assumed to be the kernel of the action of G on P
— note that M is then normal in G). As with general isomorphic factorizations, the index
of a homogeneous factorization is the size of the partition P. Hence, if X = (V, E) is an
Z-homogeneously almost self-complementary graph, then for any ¢ € Antz(X) we have
that (M,G,Y,P) is an index-2 homogeneous factorization of the graph Y = Ky — Z for
M = Autz(X), G = (M, ¢), and partition P = {E, E¥}.

While the following results serve only as an introduction to homogeneously almost self-
complementary graphs, an in-depth study can be found in [10, 11].

Lemma 5.2 Let X = (V,E) and X' = (V', E') be isomorphic almost self-complementary
graphs with an isomorphism ¢ : X — X'. Let (Uy,Us) be an ordered bipartition of V.
Suppose X admits an automorphism o and a I-antimorphism ¢ such that Uy = Us and
Uf = Uy. Then the partial join X X' with respect to ordered bipartitions (Uy,Us) of X and
(U}, U%) of X' is an almost self-complementary graph with the ordered bipartition (V, V')

18



of its vertex set admitting an automorphism 3 and a 1-antimorphism v such that VP =V’
and V¥ = V. Moreover:

(i) If « is an Z-fair automorphism and ¢ is an I-fair (Z-unfair) 1-antimorphism of X,
then 3 is an (Z UZ")-fair automorphism and v is an (Z UZ")-fair (Z UZ")-unfair)
1-antimorphism of X ¢X'.

(ii) If X is Z-homogeneously almost self-complementary, ¢ is an I-fair antimorphism of
X, and Uy is a block of imprimitivity for a transitive subgroup of Autz(X), then
X &X' is (T UZI")-homogeneously almost self-complementary, ¢ is an (Z U Z")-fair
antimorphism of X 4X', and V is a block of imprimitivity for a transitive subgroup of
AutI(XQX/).

PROOF. By the definition of a partial join we have V(X 4X') = VUV’ and E(X ¢X') =
EUE U{u':u,v € Ui = 1,2}. Since ¢ is a l-antimorphism of X with U} = U; and
@' = 1 Yaupr is a 1-antimorphism of X’ with (U})¥" = U, we have that X X’ is an almost
self-complementary graph by Lemma 3.5.

Define a permutation 8 on VUV’ by v = u* and (u*)? = u for all u € V. Then it is
clear that 3 is an automorphism of X X’ such that V2 = V",

Next define a permutation 1 on V UV’ as ¢ = (g, ¢'), that is, u¥ = u® and (u')¥ =
(u®?)" for all u € V. Observe that V¥ = V, and that v|y; and |y~ are 1-antimorphisms of
X and X', respectively. Since u € U; and v* € U} if and only if u¥ € U; and (v')¥ € Us_,,
the permutation 1) maps edges between V and V' to non-edges. Thus ¢ is the required
l-antimorphism of X X’ with V¥ = V.

If o € Autz(X) and ¢ € Ant(X,Z), then for 5 and 9 as defined above, we clearly have
B € Antzu7. (X 4X') and ¢ € Ant(X6X',Z UZ"). Moreover, ¢ is (Z UZ")-fair if and only
if ¢ is Z-fair.

Finally, assume that X is Z-homogeneously almost self-complementary, ¢ is an Z-fair
antimorphism and U; is a block of imprimitivity for a transitive subgroup G of Autz(X).
Then for any v € G, either U] = U; or U] = Us, whence the permutation (v, ¢~ !v¢), which
acts as w7 =47 and (u)( 7 = (u?) for allu € V, is an (ZUZ")-fair automorphism
of X4X'. Since G is transitive on V, we have that H = ({(v,:7!vt) : v € G}, ) is a
transitive subgroup of Autz z.(X4X’) and V is a block of imprimitivity for H. Since
¢ € Antz(X) implies ¢» € Antzur (X 4X’) as seen above, we conclude that XX’ is
(Z UZ")-homogeneously almost self-complementary with the desired properties. [ |

Self-complementary vertex-transitive graphs have received a considerable amount of
attention in the last two decades. For example, Rao [12] showed that there exists a vertex-
transitive self-complementary graph of order n for every positive odd integer n satisfying
the condition C'(n), where

C(n): if p is the highest power of an odd prime p dividing n, then p‘ =1 (mod 4).

(Note that this condition is defined for both odd and even positive integers.) Muzychuk [9]
later showed that Rao’s condition is also necessary. With the aid of Rao’s result we shall
construct our two infinite families of homogeneously almost self-complementary graphs,
thus proving the following.
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Theorem 5.3 There exists a homogeneously almost self-complementary graph of order 2n
for every positive integer n satisfying C(n).

Construction 5.4 Let n = 2"m, where k > 0 is an integer and m > 1 is an odd integer
satisfying C'(m). Then, by [12], there exists a vertex-transitive self-complementary graph
X of order m. Let Yy = X ¢ K3 where we take V(K3%) = {1,2}. Then (Uy,Us) for
Ui = {(u,i) : uw € V(X)}, i € {1,2}, is an ordered bipartition of V(Yj). Let ¢ be the non-
trivial automorphism of K¢ and 1 any antimorphism of X. Then a = (1,6,4,...,5) and
e =(1,1,1,...,1) are an Z-fair automorphism and Z-fair antimorphism of Yy for the perfect
matching Z = {{(u,1), (v,2)} : uw € V(X)}, and U{* = Uy whereas U; = U;. Moreover, for
every v € Aut(X), the permutation v = (v,1,1,...,1) is an Z-fair automorphism of Y}
fixing U; set-wise, whence ({7 : v € Aut(X)}, ) = Aut(X)Sym, is a transitive subgroup
of Autz(Yp) admitting U; as a block of imprimitivity. Hence Y satisfies all conditions of the
last paragraph of Lemma 5.2, whence the partial join Y; = Y, 4Y{ with respect to (U, Uz)
and (U7, Uj), where Y is an isomorphic copy of Yj with the isomorphic bipartition (U7, Uj),
will satisfy the same conditions. We can therefore recursively define Y; = Y;_, Y, ;, where
for i = 2,...,k, the graph Y | is an isomorphic copy of Y;_1, and the partial join is taken
with respect to the natural bipartition (V(Y;—2), V(Y/ ,)) of V(Y;_1) and the isomorphic
bipartition of V(Y/ ;). By Lemma 5.2, each of these graphs satisfies the conditions of the
last paragraph of Lemma 5.2, whence Y} is a homogeneously almost self-complementary
graph of order 2n = 25+1m,

It is natural to ask if the sufficient condition on the order of a homogeneously almost
self-complementary graph in Theorem 5.3 is also necessary. Our extended study of homo-
geneously almost self-complementary graphs [10, 11] answers this question in the negative
way while indicating that a complete classification of the orders of homogeneously almost
self-complementary graphs is a difficult problem. We mention that a homogeneously al-
most self-complementary graph of order 2(p* 4+ 1) can be constructed for every prime p
and positive integer k such that p* =1 (mod 4), and of course, p* + 1 need not satisfy the
condition C(p* + 1).

In our second construction, described in Theorem 5.5 below, new homogeneously al-
most self-complementary graphs will be obtained from old via lexicographic products with
vertex-transitive self-complementary graphs. Since 2K5 is both homogeneously almost self-
complementary and unfairly almost self-complementary, this theorem together with The-
orem 3.8 and Rao’s result [12] mentioned above shows existence of an infinite family of
graphs that are both homogeneously and unfairly almost self-complementary.

Theorem 5.5 Let X be a vertex-transitive self-complementary graph and Y an almost
self-complementary graph. If Y is homogeneously almost self-complementary, then so is
X Y. Conversely, if Aut(X 1Y) = Aut(X) 1 Aut(Y) and X 1Y is homogeneously almost
self-complementary, then Y is homogeneously almost self-complementary.

Proor. If Y is almost self-complementary with respect to a perfect matching Z, let
T* denote the perfect matching Ky ( X)C T in (X1Y)C. It follows from Theorem 3.8 that
XY is almost self-complementary with respect to Z*, that Ant(X ) Antz(Y) C Antz-(Y),
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and Aut(X)Autz(Y) < Autz«(XY), and of course, the wreath product of transitive per-
mutation groups is transitive. Hence, if Y is Z-homogeneously almost self-complementary,
then XY is Z*-homogeneously almost self-complementary.

If Aut(X 1Y) = Aut(X) 1 Aut(Y), then the proof of Theorem 3.8 shows that Ant(X)?
Antz(Y) = Antz«(Y) and Aut(X) Autz(Y) = Autz-(X 1Y). Hence, if X 1Y is Z*-
homogeneously almost self-complementary, then Y is Z-homogeneously almost self-comple-
mentary. [ |

6 Non-cyclically almost self-complementary circulant graphs

Recall that a graph X is called circulant if Aut(X) contains a cyclic group acting regularly
on the vertex set; that is, if X is isomorphic to a Cayley graph on a cyclic group.

As we have mentioned in Section 1, almost self-complementary graphs were first stud-
ied in [3]. The paper focuses on circulant graphs, in particular, cyclically almost self-
complementary circulants. A circulant graph X is defined to be cyclically almost self-
complementary with respect to a perfect matching 7 in X° if X is almost self-complementary
with respect to Z and the group Autz(X) of Z-fair automorphisms of X contains a regular
cyclic subgroup. A circulant is called non-cyclically almost self-complementary with respect
to T if it is almost self-complementary but not cyclically almost self-complementary with
respect to Z. Finally, a circulant is cyclically (non-cyclically) almost self-complementary
if it is cyclically (non-cyclically) almost self-complementary with respect to some perfect
matching Z in X°. In [3], the cycle of length 6 is given as the only known example of a
non-cyclically almost self-complementary circulant, and a question is posed about possible
existence of others.

We first remark that the authors of [3] have overlooked the smallest non-cyclically almost
self-complementary circulant, namely, 2K5. In our last result, we construct infinite families
of non-cyclically almost self-complementary circulants from the two smallest examples 2K,
and Cg, and from self-complementary circulants via lexicographic products.

Theorem 6.1 Let X be a self-complementary circulant of order m and Y an almost self-
complementary circulant of order 2n. If m and n are relatively prime, then the graph XY
s an almost self-complementary circulant of order 2mn.

Moreover, if p|n for some prime p % 1 (mod 4), then X 1Y is a non-cyclically almost
self-complementary circulant.

PRrROOF. From Theorem 3.8 it follows that XY is an almost self-complementary graph.
It just remains to show that it is circulant. Let G and H be regular cyclic subgroups
of Aut(X) and Aut(Y), respectively. By Lemma 3.7, the graph X 1Y admits a regular
action of the diagonal group A(G H). Since m is odd and relatively prime to n, the group
A(G U H), isomorphic to G x H, is cyclic of order 2mn.

By [3], a cyclically almost self-complementary circulant of order 2k exists if and only if
every prime divisor of k is congruent to 1 modulo 4. Hence, if p|n for some prime p # 1
(mod 4), then XY can not be cyclically almost self-complementary, and the last statement
of the theorem follows. n
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Corollary 6.2 Let n be any positive integer all of whose prime divisors are congruent to
1 modulo 4. There exist non-cyclically almost self-complementary circulants of orders 4n
and 6n.

PrOOF. [1, 6] show that a self-complementary circulant X of order n exists if and
only if every prime divisor of n is congruent to 1 modulo 4. The corollary then follows
immediately from Theorem 6.1 by taking Y = 2Ks and Y = Cj, respectively. |

The results of [3] show that every cyclically almost self-complementary circulant is a
homogeneously almost self-complementary graph, while we observe that non-cyclically al-
most self-complementary circulants can be either homogeneously almost self-complementary
or not. Since 2Ky is both non-cyclically and homogeneously almost self-complementary,
the circulants of order 4n from Corollary 6.2 are all non-cyclically and homogeneously
almost self-complementary by Theorem 5.5. On the other hand, since Aut(X ! Cg) =
Aut(X)? Aut(Cs) for infinitely many self-complementary circulants X (for example, self-
complementary circulants of prime order) and since Cj is non-cyclically but not homoge-
neously almost self-complementary, by Theorem 5.5 and Corollary 6.2, the cycle Cg gives
rise to an infinite family of non-cyclically almost self-complementary circulants that are not
homogeneously almost self-complementary.

7 Conclusion and open problems

As an introduction to general almost self-complementary graphs, this paper naturally raises
more questions than it answers. We list some of the open questions below.

Some of the almost self-complementary graphs X from Construction 4.2 (the case n = 3
(mod 4)) have the property that for some perfect matching Z in X€, Autz(X) is triv-
ial and Antz(X) = (); that is, the automorphism group of the isomorphic factorization
{X,ACz(X)} is trivial. However, these graphs could be almost self-complementary with
respect to another perfect matching Z’ in X such that Autz (X)UAntz (X) # {id}. Hence
the following problem.

Problem 7.1 Does there exist an almost self-complementary graph such that the auto-
morphism groups of all corresponding isomorphic factorizations act trivially on V(X)?

Non-cyclically almost-complementary circulants seem to be particularly difficult to find.
The only “generic” examples that we have at the moment are 2K5 and Cg; all other known
examples arise from these two by a wreath product construction.

Problem 7.2 Does there exist a non-cyclically almost self-complementary circulant graph
that is not obtained by the construction of Corollary 6.27 In particular, does there exist
a non-cyclically almost self-complementary circulant graph of order twice a prime distinct
from 2K5 and Cy?

No known non-cyclically almost self-complementary circulant (see Theorem 6.1) is at
the same time cyclically almost self-complementary. Conversely, it is clear from the defi-
nition that a circulant X which is cyclically almost self-complementary with respect to a
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(necessarily unique) perfect matching Z in X¢ can not be at the same time non-cyclically
almost self-complementary with respect to Z. But could it be non-cyclically almost self-
complementary with respect to a perfect matching Z’ # 77?7

Problem 7.3 Does there exist a circulant that is both cyclically and non-cyclically almost
self-complementary?

In [10], the following problem was addressed for orders 4p and 2p"*. where p is a prime.
Partial results proved there indicate that most likely a complete solution will not be obtained
in an elementary way (as is the case for vertex-transitive self-complementary graphs — see
[9]) and without extensive use of the Classification of Finite Simple Groups.

Problem 7.4 Determine all possible orders of homogeneously almost self-complementary
graphs.
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