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Abstract

A k-uniform hypergraph with vertex set V and edge set F is called t-subset-regular
if every t-element subset of V lies in the same number of elements of E. In this
paper we establish a necessary condition on n for there to exist a t-subset-regular self-
complementary k-uniform hypergraph with n vertices. In addition, we show that this
necessary condition is also sufficient in the case k = 3 and ¢ = 1; that is, we show that a
1-subset-regular self-complementary 3-uniform hypergraph with n vertices exists if and
only if n > 5 and n is congruent to 1 or 2 modulo 4.
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1 Introduction

It is well known that there exists a regular self-complementary graph with n vertices if and
only if n is congruent to 1 modulo 4. The goal of this paper is to extend the above result
to regular self-complementary uniform hypergraphs. In particular, in Theorem 2 below,
we obtain a necessary condition on the order of a t-subset-regular self-complementary k-
uniform hypergraph (that is, a self-complementary k-uniform hypergraph with the property
that every t-subset of vertices lies in the same number of edges). Before stating the theorem,
however, we need to introduce the following notation, used throughout the paper.

Notation 1 For a prime p and positive integers r and m, let r,,,) denote the unique integer
in {0,1,...,m — 1} such that r = ry,, (modm), and let r(, denote the largest integer i
such that p* that divides r.

*This author gratefully acknowledges support by the Natural Sciences and Engineering Council of
Canada.



Theorem 2 Let X be a t-subset-reqular self-complementary k-uniform hypergraph with n
vertices. Then nyga € {t,t +1,..., ks — 1} for some q with k() < ¢ < min{i : 2t > k}.

Observe that, as in the case of regular self-complementary graphs, the condition on the
order n given in Theorem 2 involves the congruence class of n modulo the smallest power
of 2 that exceeds the rank k. This result naturally leads to the following problem.

Question 3 Is it true that the necessary condition on the order of a t-subset-reqular self-
complementary k-uniform hypergraph from Theorem 2 is also sufficient?

As mentioned above, it is well known that the answer to Question 3 is affirmative for
graphs, that is, for £k = 2. In the second part of this paper we show that the answer is
affirmative also in the case k = 3 and ¢t = 1; that is, we prove the following theorem.

Theorem 4 There exists a 1-subset-regular self-complementary 3-uniform hypergraph of
order n if and only if n > 5 and n is congruent to 1 or 2 modulo 4 .

Question 3 remains open for all other values of k and ¢, in particular, for k = 3 and ¢t = 2.
However, some partial results were obtained in [2], where members of a family of Taylor’s
two-graphs were shown to be self-complementary, and are therefore 2-subset-regular (in fact,
2-transitive) self-complementary 3-uniform hypergraphs. These 3-hypergraphs exist for all
orders of the form 1+ ¢, where ¢ is a prime power congruent to 1 modulo 4. Some additional
existence results for t = 1 (more precisely, for vertex-transitive self-complementary uniform
hypergraphs) can be found in [3].

Theorems 2 and 4 will be proved in Sections 2 and 3, respectively, while Section 4 is
reserved for more technical lemmas that will be needed in the proof of Theorem 2. In the
rest of this section we introduce the terminology and notation used in the paper.

For a finite set V and a positive integer k, let V(%) denote the set of all k-subsets of V.
A hypergraph with vertex set V and edge set E is a pair (V| E), where V is a finite set and
E is a collection of subsets of V. The order of a hypergraph X is the number of vertices
of X. A hypergraph (V, E) is called k-uniform (shortly, a k-hypergraph) if E a subset of
V&) Al hypergraphs in this paper will be uniform, and so by a hypergraph we shall mean
a k-hypergraph for some k. Observe that a 2-hypergraph is simply a graph. The vertex set
and edge set of a hypergraph X will be denoted by Vx and Ex, respectively.

The complement X¢ of a k-hypergraph X is the k-hypergraph with vertex set Vx and
edge set V)(gg) \ Ex. For a positive integer ¢, ¢t < k, and a t-subset f € V®, we define
the t-valency of f in X to be the number of edges of EFx that contain f, and denote it
by vally (f), or shortly by val’(f) if X is understood. A k-hypergraph X is called t-subset-
regular if val’(f) is independent of the choice of f € V)((t ), and regular if it is t-subset-regular
for some positive integer ¢.

An isomorphism between k-hypergraphs X and X’ is a bijection ¢: Vxy — Vs that
induces a bijection between Ex and Ex/. A k-hypergraph X is called self-complementary
if it is isomorphic to its complement X¢. An antimorphism of a self-complementary k-
hypergraph X is an isomorphism between X and its complement; that is, a permutation
on Vx that induces a bijection from Ex to V)((k) \ Ex.



2 The orders of regular self-complementary hypergraphs

In the lemma below, part (iii), we establish a necessary condition on n for there to exist a
t-subset-regular self-complementary k-hypergraph of order n.

Lemma 5 Let X be a t-subset-regular self-complementary k-hypergraph with n vertices.
Then the following hold.

. — t
(i) val’(f) = %(Z—D for every f € V)(().
(i1) X is t'-subset-regular for every positive integer t' < t.

(iii) (nlzl) is an even number for all i =0,1,...,t.

PRrOOF. To prove (i), let r = val’(f) for some t-subset f of Vx. Then every t-subset
of Vx is contained in exactly r elements of Ex. On the other hand, every element of
Ex contains (lf) t-subsets of Vx. Therefore, (})r = |EX](’:) From |[V#)| = (}) and
|Ex| = |Exc| it follows that [Ex| = (). Hence,

=G =20

To show (ii), let f be a fixed t'-subset of Vx for ¢’ < t. We shall count the number of
ordered pairs (g, e) in V() x Ex such that fCgCe. Now f lies in (Z:tt,,) t-subsets of Vx,
each contained in r edges by (i). On the other hand, f lies in val” (f) edges, each containing
(’;:f,/ ) t-subsets that contain f. Hence valtl( f) = r(’z:tt,/)/ (l::f,/), which is independent of
the choice of f, and X is t-subset-regular.

We shall now prove statement (iii). Since X is self-complementary, the number (}) of
all k-subsets of V' must be even. By (ii), X is i-subset-regular for all i = 1,...,¢, and so
every i-subset of Vx must lie in the same number of edges of X as of X¢. Hence the total

number (g:;) of k-subsets containing a fixed i-subset of V must be even. We thus have

that (Z:;) is even for all 7 = 0,1,...,¢. From Lemma 11 it now follows that (",;’) is even
forallt=0,1,...,t.

As we shall prove in Section 4, condition (iii) above is equivalent to the necessary
condition in Theorem 2, however, the latter is computationally much easier to verify and
is analogous to the observation that the order of a regular self-complementary graph is
congruent to 1 modulo 4. It is therefore well worth the additional effort (in the form of the
technical lemmas in Section 4) required to prove.

PROOF OF THEOREM 2. Let X be a t-subset-regular self-complementary k-hypergraph
with n vertices. By Lemma 5, ("I;z) is even for all 7 = 0,1,...,t, and hence by Lemma 15,
we can see that npq € {t,t+1,...,kgq) — 1} for some g with k() < ¢ < min{s : 2t > k}. B

The corollary below gives more transparent necessary conditions for ¢ = 1 and particular
values of k.



Corollary 6 Let X be a 1-subset-regular self-complementary k-hypergraph with n vertices,
where k = 2¢ or k = 2° + 1 for some positive integer £. Then n = N[at+1] (mod 2¢+1) where
npet1) € {1,...,k—1}. In particular,

o if k=2, thenn=1(mod4);
o ifk=23, thenn=1 or2(mod4);
o if k=4, thenn =1, 2, or 3(mod8);

e if k=05, thenn=1,2,3, or4(mod8).

PROOF. Let a positive integer ¢ be as in the statement of Theorem 2, and note that
min{i : 2' > k} = £+ 1. If k = 2¢, then k(2) = £ and so we must have ¢ = (+1. If k = 2641,
then k() = 0, whence g € {1,...,£+ 1}. However, kjy;) = 1 for all i < ¢, which would give
ngi| € (). Hence we must also have ¢ = £ + 1. Since in both cases k[24+1} = k, we conclude
from Theorem 2 that njget1y € {1,2,...,k — 1} |

3 Constructing 1-subset-regular self-complementary 3-uniform
hypergraphs

In this section we prove Theorem 4 by constructing 1-subset-regular self-complementary 3-
hypergraphs of all possible orders. In other words, we prove that the necessary conditions
established in Theorem 2 are also sufficient in the case t = 1 and k = 3. Construction 7 be-
low produces 1-subset-regular self-complementary 3-uniform hypergraphs of all admissible
orders congruent to 1 modulo 4, while Construction 9 produces those of orders congruent
to 2 modulo 4.

Construction 7 Let m be a positive integer and V. = {u} U Vo U V3 U Vo U Vi, where
V; = {U; 2 J € L} for all i € Zy. For pairwise distinct i,4',i" € Zy define the following
subsets of V)

B = ‘/;(3)7

Egm = {{vi,v),, i'/} D 1.92,5 € L, 1 # J2},

E; i = {{v],vj/, v ,,} 3,35 7" € L},
EY = {{w,v},, ]2} J15J2 € L, j1 7 Jo}

Bl = {{u, vj,fuj,} 25,5 € L}
Let
E = (BiUE@2;)UEg;UEi23UE!)UEq)UEqU U Eiii1;
i=0,1 i=0,1,3

where the additions in the subscripts are carried out in Zy. Let X;Z’mle be the 3-hypergraph
with vertex set V and edge set E as defined above.



Figure 1: Above: The types of triples making up the edge set of the 3-hypergraph X3 Y1
Below: The digraph and graph, both admitting the antimorphism (0,3, 1,2), that corre-
spond to the subsets of triples illustrated above.

Figure 1 explains the construction of the 3-hypergraph X3 11 in another way.

Lemma 8 The 3-hypergraph Xi)m—f—l defined in Construction 7 is 1-subset-reqular and self-
complementary.

PROOF. First we show that X3, is 1-subset-regular. Take any vertex v; Then, for
fixed 7/,1" € Z4 distinct from i, the vertex v;'. lies in (", 1) triples of E;, (m — 1)m triples of
Ein, (";) triples of E(y ;), m? triples of E; i in, m — 1 triples of Ej*, and m triples of Ej ;.

Hence, for every vertex v} with i € {0,1}, we have

vall (U;)

—1
(m2 >—|—(m—1)m—|—3<rg>—|—m2—i—(m—1)+2m:4m2—m,

and for every vertex fu} with i € {2, 3}, we obtain

Vall(v;-) = 2(m—1)m+2m? +m =4m? —m.

Furthermore,

m

vall(u) = 2<2> + 3m? = 4m?* — m.

We conclude that X3, is 1-subset-regular.



To finish the proof, define a bijection ¢ : V- — V by: ¢(u) = u, go(v?) = v?, gp(v}) = v?,

(p(sz) = v?, and go(vg-’) = v}, for all j € Z,,. It is not difficult to see that ¢ acts as an
antimorphism of X3 11, and so X i 41 is self-complementary. |

A tournament is a directed graph (V, A) with the property that for all pairs of distinct
vertices u,v € V, either (u,v) € A or (v,u) € A. A tournament is said to be self-converse
if there exists a bijection ¢ : V' — V such that for all distinct u,v € V' we have (u,v) € A
if and only if (¢(u),p(v)) € A. In the following construction of 1l-subset-regular self-
complementary 3-hypergraphs of even orders we shall use the fact that there exists a regular
self-converse tournament with n vertices for every odd integer n [1].

Construction 9 Let n > 3 be an odd integer, n = 2m + 1, and let V = Vi U Vi, where
Vi = {U; 2 J € Zyn}. Furthermore, let T = (Zy, A) be a regular self-converse tournament.

For i € Zy, define the following subsets of V3.

E’i = %(3)7
By = {{vh, vl 08"} 1, ja,j € Ty r, jo, j pairwise distinct },
Ey = {{UlilavligvaTl} D (k1 k2) € Ayi € Za}.

Let E = E1 U Eqg 1)U E4, and let Xffm+2 be the 3-hypergraph with vertex set V and edge
set F.

The construction of the 3-hypergraph X3 1o is illustrated in Figure 2 below.

Figure 2: The types of triples making up the edge set of the 3-hypergraph X3 4o (where
J1, Jo, j are pairwise distinct and (k1, k2) € A).

Lemma 10 The 3-hypergraph X;?m+2 defined in Construction 9 is 1-subset-regular and
self-complementary.

PROOF. First we show X3, is 1-subset-regular. Take any vertex v; Then v§ lies in
(";1) triples of Ej, (n —1)(n — 2) triples of E;;1), (”;1) triples of E(;41,4), and 3(n — 1)
triples of F4. Hence,

3 1
Vall(U?) = n—-1)(n-2)+ i(n —-1)= i(n —1)(2n—-1)



and
vall (}) = (";1> + (n;1> + g(n— 1) = %(n —1)(2n—1).

We conclude that X3 11 is 1-subset-regular.
Let ¢ : Z,, — Z, be an arc-reversing mapping of the tournament 7; that is, ¢ is a

bijection on Z, such that ¢(a) ¢ A for all a € A. Define a bijection ¢ : V. — V by
cp(vé-) = U:;(_;). Then ¢ interchanges the sets Ey and Ej, and also the sets Eg 1) and E(j o).

Furthermore, for all (ji,j2) € A and i € Zg, since 9 is arc-reversing, ¢ maps the triple
1

{v,il,v,iz,v,ifl} € E4 to the triple {U&"Eil),v&b), Ufb(h)} ¢ E 4. Tt follows easily that ¢ is an
antimorphism of X3 o, and X} ., is self-complementary. n
We are now ready to conclude the proof of our second main result.

PrRoOOF OF THEOREM 4. The necessity of the conditions follows directly from Corol-
lary 6, and the sufficiency is established using Lemmas 8 and 10. |
4 Technical lemmas

In this section we shall develop the technical lemmas used in the proofs of part (iii) of
Lemma 5 and Theorem 2.

Lemma 11 Letn,k,t be integers with0 <t < k <n. If (Z::) is even for alli =0,1,... ¢,
then (",;Z) is even for all i =0,1,...,1

PRrROOF. We have that (Z:z) is even for all ¢ = 0,1,...,¢t. With this assumption, we
shall now prove the following statement:
n—1 . . . ,
( . ) is even for alli =0,1,...,tand j =0,1,...,1. (1)
k—i+7J

We use induction on j nested within induction on 4.

Since (Z) is even by the assumption, we have that (1) holds for i« = 0. Suppose that for
some i, 0 < i < ¢, Claim (1) holds for all j = 0,1,...,i. By induction on j we shall prove
that

—(i+1
<ki(zi—;)l]> iseven for all j =0,1,...,7+ 1. (2)
. n—(i+1)\ - . n—(i+1) \
By the assumption, (k—(i+1)) is even and so (2) holds for j = 0. Suppose (k—(i+1)+j) is

even for some j, 0 < j < 4. Since

@it =0 7) - W)



and both terms on the right are even (the first by the induction hypothesis on ¢ and the
n—(i+1)

k—(i+1)+(j+1)

(2) then follows by induction, completing the induction step for Statement(1). Finally, we

conclude from (1) that (" ’) is even for all : = 0,1,...,t. |

second by the induction hypothesis on j), we have that ( ) is even. Statement

The following notation will be used in the rest of the section.

Notation 12 For positive integers k, n, and ¢ with k < n, we let N(f(n) denote the number
of integers in the set {n — (k — 1),n — (k — 2),...,n} that are divisible by q.

Lemma 13 Let k, n, and q be positive integers with k < n. Then the following hold.

() NE) = 2] — 222,

(it) Ng(n) — Ny (k) € {0,1}.

(iii) If k=0 (modq), then NF(n) = N} (k).
(iv) If k # 0(modq), then NF(n) > NF(k) if and only if nyg € {0,1,...  kjg — 1}.
(v) If p is a prime, then (”) =y 1(NI'; (n) — Nllfl(k))

PRrROOF.
(i) This is easy to see since L%J is the number of multiples of ¢ among 1,2,...,n and
L”T_kj is the number of multiples of ¢ among 1,2,...,n — k.

(ii) For any positive real numbers z and y, we have

lz+y] > |z] + [y]
and
lz+yl —(lz] +y]) <z —|z] +y— [yl <2

Hence
0<[z+y]—(lz]+[y]) <1

It follows that

: Ey = | — |2k k
Ny(n) = No(k) = L] = I= =1 = [} € {0, 1}
(iii) Assume k = 0 (mod g). Then
by R = (T Pk knmk ek k
Ng(m)=Ng(k) = L )= l= =)=l s——-1=—1+_ -]
_ n;k‘_tn;kJ<1



(iv) We have

NE(n) — NE(k) = L%J - Ln;kJ L];J
_ ;(nn[q}(nk:(nk)[q])(kk[q]))
= (11((71 — k)i — (ng) = kiq)))-
Now i
(n— k) = { Z[fﬁ ;[j[ﬂ k) ﬁ ZE i ZE}

whence N¥(n) — NF(k) = 1 if and only if (n — k) = ¢ + njg — kig, that is, if and
only if 0 < npg < k‘[q}‘

(v) Observe that

(nn—=1)...(n=k+1)p = (e —(n=Fk))yp = (iiO;L;J) - (iln; ]‘“J)
= iNﬁmn).
Hence -
(1) = =10 D = 40 = g;wm — Nj(h)
|

Lemma 14 Let k and n be positive integers with k < n, and let m = min{i : 2° > k}. Then
(Z) is even if and only if njps) € {0,1,...,kpos) — 1} for some integer s with k) < s < m.

PROOF. By Lemma 13, parts (v) and (i), we have that (}) is even if and only if (}}) (2) =

S (N (n)— N¥ (k) > 0, that is, if and only if NJ: (n) > N5 (k) for some s. By parts (iii)
and (iv) of the same lemma, this happens if and only if njys) € {0,1,.. ., kjgs) — 1} for some
s > k(). Now, if s > m, then kpps) = kppm) = k since k < 2™ < 2% and npps) > nppm) since
2™ divides 2°. Tt follows that npps) € {0,1,.. ., kpps) — 1} implies njgm € {0,1,. .., kgm) — 1}.
|

Lemma 15 Let t, k, and n be integers with 0 <t < k < n, and let m = min{i : 2° > k}.
Then (7)), (";1), e (";t) are all even if and only if njga) € {t,t+1,..., kjga) — 1} for some
integer q with k) < g < m.



PROOF. Suppose njq € {t,t +1,...,kjga) — 1} for some g with k) < ¢ < m. Then
0<t<kgy—1andso (n—i)pg €{t—d,t—i+1,... kgg—i—1}foralli=0,1,... ¢
It now follows by Lemma 14 that (Z), (”;1), e (",;t) are all even.

Conversely, suppose (}), (";1), e (";t) are all even. The proof is by induction on ¢.
For t = 0 the claim follows from Lemma 14. Now suppose that the claim holds for some ¢,
0 <t < k. We need to show that it also holds for 7 = ¢ + 1.

Assume (}}), (”El), ..., (",7) are all even. Then by the induction hypothesis (applied
on the first 7 — 1 and the last 7 — 1 of the above binomial coefficients) we have that

npr € {7 —1,7,..., kg —1} for some r with kg <7 <m, and (3)

(n—=1psg € {7—1,7,...,kps)— 1} for some s with ki) < s <m. (4)

In particular, 7 < min{kpr), ks } < min{2",2%}.
Now (4) is clearly equivalent to njs) € {7,7+1,..., kjps;}. Hence the induction step is
proved (with either r or s in place of ¢) unless

n[gr] =7—-1 and n[Qs] = k[Qs}.

Suppose now that this is the case. If s <7, then 7 — 1 = npr] = nps) = ks (mod 2¢), and
since 7 — 1 < 2%, it follows that 7 — 1 = K95}, which contradicts the fact that 7 < kjgs.

It follows that s > r. In this case, similarly to the previous case, we see that 7 — 1 =
nar] = Njgs] = Kjps] = kjr) (mod 27). Since 7 — 1 < 27, it follows that 7 — 1 = kjpr), which
contradicts the fact that 7 < kjgr). This completes the proof of the induction step.
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