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Motivation

Machine Learning in a Single Slide

From training data

Training examples are tuples, e = (x , y) ∈ DX × DY

Values of the input variables x ∈ DX := DX1 × DX2 × · · · × DXp

Value of the target variable (also label) y ∈ DY

Many ML algorithms assume numeric input variables, DXi
= R

To mapping
ML algorithm A learns a mapping m from a set of examples S

m : DX → DY , S ⊆ DX × DY , A : DX × DY → (DX → DY )

Many ML algorithms assume training examples from S follow IID
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Motivation

ML on Graphs

Training objects originate in graphs

Each graph G = (V ,E ), vertices V , edges E ∈ V × V

Training objects can be vertices, edges, or graphs

Three different tasks
Learning on vertices, training objects are elements of V
Learning on edges, training objects are elements of E
Learning on graphs, training objects are graphs
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Motivation

Example: Node (Vertex) Classification
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Motivation

Example: Link (Edge) Prediction
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Motivation

Two Approaches

Represent training objects from a set O as tuples
Establish a mapping e : O → Rm manually or with ML
Use e to transform training objects into tuples
Use arbitrary ML algorithm on the tuples
The topic of this seminar, with a focus on vertices

Learn from (strucutred representation of) training objects directly

Learning in logic
The topic of the next seminar
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Motivation

Seminar Overview

1 Motivation

2 Simple Mappings
Vertex Properties
Bag-of-Words Model

3 Embeddings
From Sequnces, word2vec and doc2vec
From Graphs, node2vec
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Simple Mappings Vertex Properties

Numeric Properties of the Vertices

Matej has calculated them on the two Agda graphs
Included already in the Neo4j database

Degree, closeness and betweeness centrality, page rank, etc.
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Simple Mappings Bag-of-Words Model

Idea: Dictionary of Basic Terms
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Simple Mappings Bag-of-Words Model

Formal Definition

Three components (T ,O, f )

Dictionary of terms (also words) T

Set of traning objects O

Frequency function f : T × O → N calculates the number of
occurrences of a term t ∈ T in an object o ∈ O

|T | variables for representing the objects from O

Assign an input variable Xt to each term t ∈ T

The value of Xt for an object o ∈ O equals f (t, o)
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Simple Mappings Bag-of-Words Model

Framework Instance: Bag-of-Words for Text Documents

The components
Set O contans text documents, sequences of words
Dictionary T contains words or word sequences (n-grams)
Term frequency TF of a word (n-gram) in a text document

Example: Agda graph
O: souce code of the Agda definitions corresponding to the vertcies
T : words/ tokens observed in the source code
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Simple Mappings Bag-of-Words Model

Document Frequency, DF and TFIDF

Problem: terms with high document frequency provide little information.

Solution: TFIDF = Term Freqency, Inverse Document Freqency

DF (t) = |{d ∈ O : TF (t, d) > 0}|, number of docs that include t

IDF (t) = log
|O|

DF (t)

TFIDF (t, d) = TF (t, d) · IDF (t)
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Simple Mappings Bag-of-Words Model

Limitations and Solution

Limiations of the BOW model
Semantic ignorance, similar terms transformed to different input vars
Sequence of the words in the document ignored

Solution: Learning reperesentations, embeddings
Mapping e : O → Rm of training objects into a Euclidean space
Constraint: similar vectors correspond to similar objects
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Embeddings From Sequnces, word2vec and doc2vec

Idea: Distirbutional Conjecture in Linguistics

Distributional conjecture

Words with same/ similar meaning are being used in same/ similar context.
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Embeddings From Sequnces, word2vec and doc2vec

ML Interpretation of the Idea: ML on Context

What is context of a word?
Text document is a seqence of words: w1,w2,w3, . . . ,wl−1,wl

Context of size k of a word wi is wi−k , . . . ,wi−1,wi+1, . . . ,wi+k

Build training examples from context sequences, k = 3

X−3 X−2 X−1 X0 X1 X2 X3

w1 w2 w3 w4 w5 w6 w7
w2 w3 w4 w5 w6 w7 w8
...

...
wl−6 wl−5 wl−4 wl−3 wl−2 wl−1 wl
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Embeddings From Sequnces, word2vec and doc2vec

ML Interpretation of the Idea: ML on Context

Predicting the word from its context
p = 2k input variables X−k ,X−k+1, . . . ,X−1,X1, . . .Xk−1,Xk

Single target variable X0

Continuous Bag-of-Words, CBOW Model

Predicting the context of a word
Single input variable X0

p = 2k target variables X−k ,X−k+1, . . . ,X−1,X1, . . .Xk−1,Xk

Skip-Gram Model
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Embeddings From Sequnces, word2vec and doc2vec

Tech Detail: One-Hot Encoding of Words

Code of the term/ word t from the dictionary T is a vector x ∈ {0, 1}|T |

xi =

{
1 ; i = index(t,T )
0 ; i ̸= index(t,T )

index(t,T ) is the index of the term t in the dictionary T

Dictionary T considered to be an ordered set of terms
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Embeddings From Sequnces, word2vec and doc2vec

CBOW Neural Network

The structure of the CBOW neural network
Input layer: 2 · k · |T | neurons, k is the context size, T is the dictionary
Single hidden layer: m neurons, m is the embedding dimension
Output layer: |T | neurons
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Embeddings From Sequnces, word2vec and doc2vec

Skip-Gram Neural Network

The structure of the Skip-Gram neural network

Input layer: |T | neurons
Single hidden layer: m neurons, m is the embedding dimension
Output layer: 2 · k · |T | neurons, k is context size, T dictionary
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Embeddings From Sequnces, word2vec and doc2vec

Skip-Gram NN: Input and Hidden Layer

Input layer

|T | neurons x (c) for encoding the word wc

Fully-connected with the hidden layer, weight matrix W , dim m × |T |

Hidden layer, v = W x (c)

Embedding of wc is the vector v of hidden neurons’ states
Arbitrary activation function ϕ, outupts v ′ = ϕ(v)
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Embeddings From Sequnces, word2vec and doc2vec

Skip-Gram NN: Output Layer

Outputs clustered in groups y (j)

For j = −k ,−k + 1, . . . ,−1, 1, . . . , k − 1, k
Hold the one-hot encodings of the context words wj

z = W ′v ′, y
(j)
i =

exp(z
(j)
i )∑|T |

o=1 exp(z
(j)
o )

, i = 1 . . . |T |

Vector z of output neurons’ states
Fully-connected with the hidden layer, z = W ′v ′

Weight matrix W ′ has dimensions (2 · k · |T |)×m

Each group of outputs has its own softmax activation function
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Embeddings From Sequnces, word2vec and doc2vec

Skip-Gramm: Loss and Objective Function

Negative log-likelihood of the context given the word

Err = − logP(w−k , . . . ,w−1,w1, . . . ,wk |w0)

We assume independence between the context words (naïve Bayes)

Err = − log
k∏

j=−k, j ̸=0

P(wj |w0) = − log
k∏

j=−k, j ̸=0

ŷ
(j)
ij

ij are indices of the words wj in the dictionary T .
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Embeddings From Sequnces, word2vec and doc2vec

Skip–Gram: Loss and Objective Function

Err = − log
k∏

j=−k, j ̸=0

ŷ
(j)
ij

= −
k∑

j=−k, j ̸=0

log
exp

(
z
(j)
ij

)
∑|T |

o=1 exp
(
z
(j)
o

)
= −

k∑
j=−k, j ̸=0

z
(j)
ij

+
k∑

j=−k, j ̸=0

log

|T |∑
o=1

exp(z
(j)
o )

From here on, standard back-propagation algorithm for training.
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Embeddings From Sequnces, word2vec and doc2vec

Conservation of Similarity of Words
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Embeddings From Sequnces, word2vec and doc2vec

Conservation of Analogy between Word Pairs
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Embeddings From Sequnces, word2vec and doc2vec

From Emedding Words to Embedding Documents

1 Train word2vec NN from large corpus of documents
2 Embed individual words from a document with the trained NN
3 Aggregate word embeddings to the document embedding

Fancy aggregation doc2vec, equally efficient simple one is the mean.
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Embeddings From Sequnces, word2vec and doc2vec

Timeline of Sequecne Embeddings

Stone age

(Mikolov et al 2013) word2vec
(Le and Mikolov 2014) doc2vec

Modern age

(Kingma and Welling 2014) Variational autoencoders, VAE inception
(Kingma and Welling 2019) Introduction to VAE

Variants of VAE replaced the Skip-Gramm NN for embeddings
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Embeddings From Sequnces, word2vec and doc2vec

What about graphs?

We are in the second half and have not mentioned graphs yet!

Two crucial components in place now
From context, through one-hot encoding to training data
Skip-Gram neural network for ML of the embedding model
Let us extend them to graphs now
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Embeddings From Graphs, node2vec

Capturing a Word Context: Sliding Window

w1,w2,w3,w4,w5 ,w6, . . . ,wn−4,wn−3,wn−2,wn−1,wn

w1, w2,w3,w4,w5,w6 , . . . ,wn−4,wn−3,wn−2,wn−1,wn

...

w1,w2,w3,w4,w5,w6, . . . , wn−4,wn−3,wn−2,wn−1,wn
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Embeddings From Graphs, node2vec

Seqence vs Graph: What is a Context of a Vertex?

Context of a word in a sequence

w1, w2,w3,w4,w5,w6 , . . . ,wn−4,wn−3,wn−2,wn−1,wn

Context of a graph vertex?!?

v1

v2

v3

v4

v5

v6

v7

v8

Remember the constraint: we need a fixed-length context.
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Embeddings From Graphs, node2vec

Consider a Path Graph of Size n

. . .v1 v2 v3 v4 v5 v6 vn−4 vn−3 vn−2 vn−1 vn

It actually represents a sequence of nodes.
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Embeddings From Graphs, node2vec

Hence: Sliding Window for Path Graphs

. . .v1 v2 v3 v4 v5 v6 vn−4 vn−3 vn−2 vn−1 vn

Rectangle represents context of the node v4 with size k = 2.
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Embeddings From Graphs, node2vec

Training Examples for Path Graphs

. . .v1 v2 v3 v4 v5 v6 vn−4 vn−3 vn−2 vn−1 vn

. . .v1 v2 v3 v4 v5 v6 vn−4 vn−3 vn−2 vn−1 vn

...

. . .v1 v2 v3 v4 v5 v6 vn−4 vn−3 vn−2 vn−1 vn
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Embeddings From Graphs, node2vec

Embedding of Path Graphs

Given a path graph with m vertices

. . .v1 v2 v3 v4 v5 v6 vn−4 vn−3 vn−2 vn−1 vn

Build a data set for training a NN (context length k = 2)

X−2 X−1 X0 X1 X2

v1 v2 v3 v4 v5
v2 v3 v4 v5 v6
...

...
vn−4 vn−3 vn−2 vn−1 vn
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Embeddings From Graphs, node2vec

Ready for Training Embedding NN

Existing machinery for embedding

One-hot encoding of the graph nodes (code length of m)
CBOW: inputs X−2,X−1,X1,X2, target X0

Skip-Gram: input X0, targets X−2,X−1,X1,X2

Embedding read out from the states of the hidden-layer neurons

However: support for a very limited class of path graphs
Can we generalize to arbitrary graph?
Can we extract path graphs from an arbitrary graph?
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Embeddings From Graphs, node2vec

General Random Walk on a Graph

General random walk starting in node u with length l

1 Initialize the resulting path graph GP with u

2 Sample (uniformly) a random neighbor v of u
3 Add v and edge u–v to GP , replace u with v

4 Until GP has l + 1 nodes, repeat steps 2 and 3

Example: Start in v1, path length of 5

v1

v2

v3

v4

v5

v6

v7

v8
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Embeddings From Graphs, node2vec

Biased Random Walk on a Graph

General random walk assumes
Probs for choosing next node are uniformly distributed among neighbors.

In Biased random walk the probabilities can differ

P(v |u) = αvAu,v∑
w αwAu,w

u and v are current and next node, respectively
A is the adjacency (weight) matrix of the graph
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Embeddings From Graphs, node2vec

Two Extreme Biases

Breath-first walk through the local neighborhood (conservative)

1 2

34
5

v1

v2

v3

v4

v5

v6

v7

v8

Depth-first walk outside the neighborhood (exploratory)

1

2

3

4

5

v1

v2

v3

v4

v5

v6

v7

v8
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Embeddings From Graphs, node2vec

Parametrizing the Trade-Off btwn Breath- and Depth-First

1

1/p

prev. step

1/q

1/q

w1

u

v

w2

w3
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Embeddings From Graphs, node2vec

node2vec Bias for Random Walk

Second-order random walk, i.e., P(w |v , u), with two parameters

αw ,u =


1
p ; d(u,w) = 0
1 ; d(u,w) = 1
1
q ; d(u,w) = 2

Return parameter p: high values p > max(q, 1) encourage exploration
In-out parameter q: low values q < 1 encourage exploration

Typical settings, comparison on the next slide
1 p = 1, q = 0.5: exploratory, macroscopic
2 p = 1, q = 2: conservative, microscopic, local-neighborhood
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Embeddings From Graphs, node2vec

Comparison of the Two Typical Settings

Conservative, MICRO-scopic Exploratory, MACRO-scopic
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Embeddings From Graphs, node2vec

node2vec Algorithm

1 Pre-compute values of αw ,u based on p and q

2 Initialize set of walks P = ∅
3 For each node v ∈ V perform r biased random walks of length l

4 Use pre-computed values of αw ,u to control the bias
5 Add resulting walks to P

6 Use path graphs from P with sliding window to generate training data
7 Train a Skip-Gram NN on the training data
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Embeddings From Graphs, node2vec

Embedding Edges with node2vec

Based on the simple fact that edge is a pair of nodes (u, v)

embedding(u, v) = FC (embedding(u), embedding(v))

Any function FC : Rm × Rm → Rm′
would do

Example: concatenation of the two embedded vectors, m′ = 2m
The original article propose few alternatives with m′ = m, next slide
Enable addressing tasks related to edges, i.e., link prediction
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Embeddings From Graphs, node2vec

Alternative FC Functions

Operator Definition
Average, ⊞ FC (eu, ev ) = (eu + ev )/2
Hadamard, ⊡ [FC (eu, ev )]i = [eu]i · [ev ]i
Weighted-L1, ∥ · ∥1 [FC (eu, ev )]i = |[eu]i − [ev ]i |
Weighted-L2, ∥ · ∥2 [FC (eu, ev )]i = ([eu]i − [ev ]i )

2
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Embeddings From Graphs, node2vec

Timeline of Algorithms

Skip-Gram and random walks

(Perozzi et al. 2014) DeepWalk introduced random walks
(Grover and Leskovec 2016) parametrized the random walks

Autoecoders
(Wang et al 2020) edge2vec, combining Skip-Gram with autoencoders
Numerous variational autoencoders on graphs, near-future seminar
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Embeddings From Graphs, node2vec

Agda Graphs Agenda

word2vec (code2vec variant) on the source code in the vertices
node2vec (edge2vec variants) on the graphs
Embeddings based on variational autoencoders
Combining different embedding for optimal recommendations

ML models based on embeddings difficult to interpret
Symbolic ML methods for learning on graphs, next seminar
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