FUNCTIONAL IDENTITIES ON MATRIX ALGEBRAS
MATEJ BRESAR AND SPELA SPENKO

ABSTRACT. Complete solutions of functional identities Y, Fr(@E ), = Y ier TG (@,)
on the matrix algebra M, (F) are given. The nonstandard parts of these solutions turn out
to follow from the Cayley-Hamilton identity.

1. INTRODUCTION

A functional identity on a ring R is an identical relation that involves arbitrary elements
from R along with functions which are considered as unknowns. The fundamental example of
such an identity is

(1.1) Z Fi(z* )y, = ZmlGl(Tfn) forall x;...,zm € R,
keK leL
where ¥, = (z1,...,2k,...,Zm), K and L are subsets of {1,...,m}, and Fy, G, are arbitrary

functions from R™~! to R. The description of these functions, which is the usual goal when
facing (1.1), has turned to be applicable to various mathematical problems. We refer the
reader to [BCMO7] for an account of the theory of functional identities and its applications.

Up until very recently functional identities have been studied only in rings in which (1.1)
has only so-called standard solutions (see Subsection 4.1 for the definition). This excludes the
basic case where R = M, (IF), the algebra of n x n matrices over a field F, unless |K| < n and
|L| < n. Various applications of the general theory of functional identities therefore do not
cover M, (F) with small n, although they yield definitive results for large classes of algebras
whose dimension is either infinite or finite but big enough.

The recent papers [BS14] and [BPS14] give, to the best of our knowledge, the first complete
results on functional identities of M, (F). The first one considers functional identities in one
variable, and the second one considers quasi-identities; i.e., identities of the type (1.1) with
L = @ and each F}j being a sum of scalar-valued functions multiplied by noncommutative
monomials. In the present paper we take a step further and consider the general functional
identity (1.1). We will give a full description of the functions Fj and G; under the natural
assumption that they are multilinear. Thus, in some sense we can say now that functional
identities are finally understood in both finite and infinite dimensional context.

The Cayley-Hamilton theorem yields the fundamental example of a functional identity of
M,,(F) which does not have only standard solutions. We call it the Cayley-Hamilton identity.
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From the results in [BS14] it is evident that all nonstandard solutions of functional identities
in one variable of M, (F) follow from the Cayley-Hamilton identity, while the main result
of [BPS14] shows that there exist quasi-identities of M, (F) which are not a consequence of
the Cayley-Hamilton identity; in more technical terms, the T-ideal of all quasi-identities is
not generated by the Cayley-Hamilton identity. The results in this paper will show that
the nonstandard parts of the solutions of (1.1) follow from the Cayley-Hamilton identity.
(This does not contradict the result of [BPS14] since the T-ideal of quasi-identities is a proper
subset of the set of identities treated here.) Our main idea of handling (1.1) is to interpret this
functional identity coordinate-wise and then apply the theory of syzygies (in fact, functional
identities may be viewed as a kind of “noncommutative syzygies”).

The paper is organized as follows. In Section 2 we give some remarks on generalized
polynomial identities, which are, in the context of matrix algebras, more general than the
functional identities (1.1). Our main results are obtained in Sections 3 and 4. In Section
3 we describe all solutions of the one-sided functional identities, i.e., those with K = & or
L = @, by applying the result on generators of syzygies on generic matrices from [Onn94].
In Section 4, which is basically independent of Section 3, we show that every solution of the
two-sided functional identity (1.1) is standard modulo one-sided identities. Roughly speaking,
this means that it can be expressed by standard solutions and solutions of one-sided identities.
A precise definition is given in Subsection 4.1. We end the paper with an application to the
theory of commuting functions.

2. GENERALIZED POLYNOMIAL IDENTITIES

It is well-known that the T-ideal of trace identities of M, (F) is generated, as a T-ideal,
by the Cayley-Hamilton identity [Pro07, p. 444]. In this sense every polynomial identity is
a consequence of the Cayley-Hamilton identity. We have addressed ourselves the question
whether a similar statement holds for the generalized polynomial identities. As we shall see,
the answer is positive in the char(IF) = 0 case, and the proof is not difficult. From the nature
of this result one would expect that it should be known, but we were unable to find it in the
literature.

Let us recall the necessary definitions on generalized polynomial identities (for more details
see [BMMO96]). Let © = {z1,z2,...} be a set of noncommuting indeterminates, and let F(z)
be the free algebra on X. Consider the free product M, (F) x F(z) over F. Its elements
are sometimes called generalized polynomials. Informally they can be viewed as sums of
expressions of the form a;,x;, a;, ... a;,_, j, a;, where a;, € M, (F). Given f = f(z1,...,25) €
M, (F)*F(z) and by, ...,b, € My(F), we define the evaluation f(b1,...,by) in the obvious way.
We say that f is a generalized polynomial identity (GPI) of M, (F) if f(b1,...,bx) = 0 for all
b; € M, (F). For example, if e is a rank one idempotent in M, (F), then [ex;e, exse] is readily
a GPI. We remark that every identity of the form (1.1) can be interpreted as a GPI. This is
because every multilinear function F : M, (F)™~! — M,(F) is equal to a sum of functions of
the form (b1,...,bm—1) — aiybj as, ..., ,b;, . ai, , where {ji,...,jm—1} ={1,...,m—1}.

An ideal I of M, (F) x F(z) is said to be a T-ideal if f(z1,...,2;) € I and ¢1,...,9x €
M,,(F) =« F(z) implies f(g1,...,9x) € I. The set of all GPI’s of M, (F) is clearly a T-ideal.
The next proposition was obtained, in some form, already in [Lit31], and later extended to
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considerably more general rings by Beidar (see e.g. [BMM96]). We will give a short alternative
proof. Let us first recall the following elementary fact: If an algebra B contains a set of n x n
matrix units; i.e., a set of elements e;;, 1 < 4,5 < n, satisfying

n
eijexl = ke, E ey = 1,
i—1

then B is isomorphic to the matrix algebra M, (A) where A = e11Bey;.

Proposition 2.1 ([BMM96, Proposition 6.5.5]). Let e be a rank one idempotent in M, (F).

(1) If |F| = oo, then the T-ideal of all GPI’s of My(F) is generated by [ex1e, exae].
(2) If |F| = q, then the T-ideal of all GPI’s of M, (F) is generated by [ex1e,exqe] and
(ex1e)? — exqe.

Proof. Pick a set of matrix units e;;, 1 <4,j < n, of M, (IF) so that e;; = e. As M, (F) *F(z)
contains M, (F) as a subalgebra, it also contains all e;;. Accordingly, M, (F) * F(x) = M, (A)
where A = ey (M, (F) * F(z))e1q. Since M, (F) « F(z) is generated by the elements

esiTrejr = €s1(e1iTre 1)elt,

it follows that A is generated by the elements

$§f) = €1iTkCy1, 1< ’i,j < n, k= 1,2, cee

Note that A is actually the free algebra on the set T := {xz(f) |11<i,j<n, k=1,2,...}.

Let Homyy, (M (F) « F(x), M,,(F)) denote the set of algebra homomorphisms from M, (F) *
F(z) to M, (FF) that act as the identity on M, (IF). Identifying M, (F) x F(x) with M, (A) one
easily sees that there is a canonical isomorphism

Homyy, (M, (F) « F(x), M,,(F)) =2 Hom(A, F).
Now take a GPI f of M, (F). This means that

[ € NyeHomyy, (M, (F)+F(z), M, (F)) ker e,
or equivalently,
e1if€j1 € NgeHom(A,F) Ker ¢

for every 1 < 4,57 < m. Since A is the free algebra on T it can be easily shown that
NgecHom(A,F) ker ¢ is generated by

k k
[xl(j),xgq)] = [ea:,gj)e,ea:gq)e]
and additionally by

(x(k)>q — M = (ewgk)ey —exMe

i i J i
if [F| = ¢. Hence f =3, ;eir(erifeji)er; lies in the T-ideal generated by [exie, exae], and
additionally by (exie)? — exje if |F| = q. |



4 MATEJ BRESAR AND SPELA SPENKO

Let
gn(z1) = 27 + 11 (z1)al ™ + -+ (@)
denote the Cayley-Hamilton polynomial. Thus, 7(x1) = —tr(z1) and 7,,(z1) = (—1)" det(z1).
Until the end of this section we assume that char(F) = 0. Then each 7;(x1) can be expressed
as a Q-linear combination of the products of tr(x{). Let

Qn = Qn(z1,...,Tp)

denote the multilinear version of ¢, (x1) obtained by full polarization. For example,
Q2(z1,22) = 179 + 221 — tr(21) T2 — tr(22)T1 + tr(z))tr(22) — tr(z122).

As Qn(b1,...,by) = 0 for all b; € M, (F), we call Q, the Cayley-Hamilton identity. Recall
that (),, can be written as

(2.1) Qn=Y_ (-1)%¢o(z1,...,20)
c€Sn+1

where (—1)7 = +1 denotes the sign of the permutation ¢ and ¢, is defined using the cycle
decomposition of

o= (i1,... ,ikl)(jl,.. . ,ij) oo (ugy oo ug, ) (St S+ 1)
as
Go (1, wp) = tr(@, - @y (g, -z, ) (T Ty, )Ty Ty
Regarding tr(y) as Z” eijyeji, and consequently tr(yi...yx) as Z” €ijy1 - - - Yp€ji, We see
that we may consider @, as a GPI of M, (F).

Corollary 2.2. If char(F) = 0, then the T-ideal of all GPI’s of M, (F) is generated by the
Cayley-Hamilton identity Q.

Proof. It suffices to show that the basic identity
lexie, exqe] = exjexse — exgexie € My (F) x F(x),

where e is a rank one idempotent, follows from the Cayley-Hamilton identity. To this end we
insert [exe, exae] for one variable and e for the others in @),,. Note that 1 needs to be in the last
cycle of o for ¢,([exie,exqe] e, ..., e) to be nonzero. In this case ¢, ([exie, exqe] e, ... e) =
[ex1e, exge]. Thus, we need to count the number of such permutations with the corresponding
signs.

Take a cycle 7. Note that permutations with the corresponding signs having the last cycle
7 do not sum to zero only if 7 is of length n or n+1. For 7 of length n we have (n —1)(n—1)!
permutations of sign (—1)"~!, while for 7 of length n + 1 the number of permutation is n! and
all have sign (—1)". Hence,

Qn([ezre, exael e, ... e) = (=1)"(n — 1)![ex;e, exse].

3. ONE-SIDED FUNCTIONAL IDENTITIES AND SYZYGIES

One-sided functional identities are intimately connected with syzygies on generic matrices.
We first recall a result on syzygies that will be used in the sequel.
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3.1. Syzygies on a generic matrix. First we introduce some auxiliary notation. Let r, s >
L, let Cy = Fly;; | 1 < i < r,1 <j < s] bea polynomial algebra, and let u,...,u,
be generators of the free module Cj. The matrix of independent commutative variables
Y = (yij)1<i<r1<j<s is called a generic r x s-matrix. With a syzygy on Y we mean a syzygy
on the rows of Y; ie., an element y ; , fiu; € C,, with the property > i1 fiyi; = 0 for
j=1,...,s. If s <r we denote by [j1,...,Js], where 1 < j; < --- < js <r, the determinant
of the s x s-submatrix of Y, obtained by restricting Y to the rows indexed by ji, ..., js.

Theorem 3.1 ([Onn94, Theorem 7.2]). Let 1 < s < r and let Y be a generic s X r-matriz.
The set of determinantal relations

S
G = {Z(_l)e[]077jfaajs]u][ 1 S]O <.]l < <J5 Sn}
=0

generates the module of syzygies on Y and is a Grobner basis for it with respect to any lexi-
cographic monomial order on Cj.

3.2. Solving left-sided functional identities. We restrict ourselves to the left-sided func-
tional identities; i.e., functional identities of the form Y, Fi(ZF, )z, = 0. The right-sided
functional identities Y, ; 2;G;(z!,) = 0 can be of course treated in the same way. Besides,
by applying the transpose operation to a right-sided functional identity we obtain a left-sided
functional identity, so that the results that we will obtain are more or less directly applicable
to right-sided functional identities.

The standard solution of Y, Fi(Zh )z = 0 is defined as Fy = 0 for each k € K. If
| K| < n, then there are no other solutions on M, (F) — this is an easy consequence of the general
theory of functional identities (see e.g. [BCMO07, Corollary 2.23]). To obtain a nonstandard
solution we have to modify the Cayley-Hamilton identity. We take only its noncentral part
and commute it with the product of a fixed matrix and a new variable. In this way we arrive
at a basic functional identity on M, (F) in n + 1 variables

(31) [Qn(alxlv s 7anflf'n)7 an—l—lxn—‘rl] =0,
where Q,, denotes the noncentral part of Qn; i.e.,
Qn(xla-"7mn>: Z 60’¢U(x17"'7xn)7
J€S7L+1\Sn

and a; € M, (F). Note that (3.1) can be indeed interpreted as a left-sided functional identity.
For example, in the case n = 2 we have

@g(ml, x2) = X1T2 + xow1 — tr(zy)xe — tr(xe)xy,
so that
[Qg(alxl, asrs), agxg] = (agxg(—agxg + tr(ang))cq)a:l + (agscg(—alﬂcl + tr(alxl))ag) )
+ ((alxlagxg + agxaaixy — tr(aixy)agsry — tr(agazg)alxl)a;z,)xg =0.

If we multiply (3.1) by a scalar-valued function A(zy42, ..., %), we get a left-sided functional
identity of M, (F) in m variables for an arbitrary m > n. Of course, by permuting the variables
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x; we get further examples. We will see that in fact every left-sided functional identity of M, (IF)
is a sum of left-sided functional identities of such a type.

Before giving a full description of the unknown functions Fj, satisfying 3, - Fi (TE)rr =0
we need to introduce some more notation. Let

C=Flzl) |1<i,j<n1<k<m].
We denote by
[(ihjl): SERE) (7’%7.7”)]
the determinant of the matrix with the £-th row equal to the j,-th row of the generic matrix
X;, = (x(”)). For example, in the case n = 2, [(1,1),(2,1)] denotes the determinant of the

]
1 1
(08,
Ty Tqg
1,.(2) (1) _(2)

and thus equals 217’275 — 275 ;7 . Further, N; denotes the set {1,...,d}. If I = {i1,...,ip} C
N,,, with i1 < -+ < iy, then Z!, stands for (z1,..., %4, .. s Ziyy - -+ Tm). Finally, as above by
e;; we denote the matrix units.

Without loss of generality we may assume that K = N,,,. When dealing with two-sided func-
tional identities (1.1) it is often convenient to deal with the case where K and L are arbitrary
subsets of N,,, but for one-sided identities this would only cause notational complications.

matrix

Proposition 3.2. Let >.7", Fi.(zF)z) = 0 be a functional identity of M,(F), where Fy :
M, (F)™=t — M, (F) are multilinear functions. Then there exist multilinear scalar-valued
functions \pry such that

—

Fk‘(ffn) - Z(_l)s)\fIJ(ErIn) [(ilvjl)a ceey (isvjs)v teey (in+17jn+1)]eéjsa
0,1,J
where the sum runs over all ¢ € Ny, all I = {i1,...,in41} C Ny, such that iy = k for some s,
<< in+1, and all J = (jl,. .. ,jn+1) € NZ—H.

Proof. We can view > 1", F.(Z%)z) = 0 as the identity in M, (C), since F}, are multilinear
and hence polynomial maps. We then have an identity of the form

m
Z H. X, =0,
k=1

where X, = (:Bl(f)), 1 < k < 'm, are generic matrices, and Hy € M, (C) correspond to Fj. Note
that this identity is equivalent to n identities

m

D ewHpXp=0, 1<l<n.

k=1
We thus first find solutions of each of them. Without loss of generality we assume that ¢ =1
and Hy = e;1Hg, 1 < k < m. We can further rewrite this identity as

S5~

k=1 j=1
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for 1 < r < n, which can be viewed as

U
$§:L11) . x,(llrz
(al, o) a ) : = (0...0).
2 2
We write X, ,, for the matrix on the right. By definition, (Hl(}), . H&), e Hﬁn), e Hfgb))

is a syzygy on the rows of the generic matrix X, ,,. The Grobner basis of the module of

syzygies is described in Theorem 3.1. Since in our case Hz(]k ) are multilinear as functions of
X1, X1, Xka1, - - s Xim, we look for the elements in the Groébner basis with the same
property. Note that

[(ihjl): SRR (Zn,]n)]

denotes the determinant of the submatrix of X, ,, with the k-th row equal to ji-th row of the
generic matrix X;, . By Theorem 3.1 the desired generators are

n+1
Z(_l)k [(ilajl)a ) (Zkajk)a ) (in+1,jn+1)] Ui —1)n+jp
k=1
for 1 <41 <o < <ipt1 <m, 1 <j1,...,4n+1 < n, and the proposition follows. [ |

3.3. Left-sided functional identity as a GPI. Each function Fj is multilinear so it cor-
responds to a multilinear generalized polynomial f;, € M, (F) «F(x) such that the evaluation
of fr on M, (F) coincides with Fj. Note that this correspondence is uniquely determined up
to the generalized polynomial identities. At any rate, the problem of describing functional
identities Y, s Fi(ZF, )z, = 0 is basically equivalent to the problem of describing GPI's of
the form Y,y fi(ZF,)2k. In this section we will deal with the latter since the GPI setting
seems to be more convenient for formulating the main result.

We start with a technical lemma. By Dj, . ;. we denote the determinant of the matrix
whose k-th row is equal to the ji-th row of the generic matrix Xp.

Lemma 3.3. Let ig,jp € N, 1 <0 <n+1. If {iy,...,i,} ={1,...,n} then

Cini1,dnTnQn—1(€iyj1T15 - -5 €in 4 jr 1 Tn—1)€ipjn iy
_(_1) D]17~~"]nezn+17]n+1
= = Cipi1,dnt1 Qn(eiljll‘la cee 7einjn$n)7

where 7 € Sy, is given by 7(k) = iy, otherwise Qn—1(€i; j; 1, €in_; jn_1Tn—1)€ip j, = 0.
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Proof. The last assertion follows from the fact that @Q,,—1 is an identity of M, _1(F). Indeed,
we may assume without loss of generality that iy, =k for 1 <k <s<mn,iz= =1, = s,
and hence
anl(eljlxla N Y PR T T esjnfl-xnfl)esjn S (Mn(F)enn)eSjn = {O}
The first equality clearly follows by using the identity
_ 0 ()

Cin1,nTnPo(€iji 15 - Cin 1 1 Tn—1)Cinnys = Tjyi ) Tji Cingt ni

for 0 € S, in the expression (2.1) of @,,—1, and the second one follows from

(=) Djy..jn = = Qu€irjs @1, - s €injTn),
which can be deduced in a similar way after applying the identity
Q) == S (1) 0eyrs- -, ya).
UESngSn+l

Let us call g € M, (F) «F(z) a central generalized polynomial if all its evaluations on M, (F)
are scalar matrices. For instance, (), is a central generalized polynomial.

Theorem 3.4. Let f1,..., fm € M,(F)*F(z) be multilinear generalized polynomials such that
P =3 fx(@F)xy is a GPI of M, (F). Then P can be written as a sum of GPI's of the
form

g [Qn(alxkl, Ce, AR, ), an+1x;€n+l],
where k; # k; if i # j, a; € My (F), and g is a multilinear central generalized polynomial (in
all variables except xy, ).

Proof. Proposition 3.2 implies that P can be written as a sum of GPI’s of the form

n+1 /\

S UF[G1 1) - G k) (ins dnen) e i

k=1
multiplied by central generalized polynomials; the determinants appearing in the identity can
also be viewed as central generalized polynomials. It is thus enough to prove that this identity
can be written in the desired way. We can assume without loss of generality that £ = 1, i, = k,
1 <k <n+4 1. Hence we can write the identity as

n+1
k
Z(_l) Djl7"'93k:7"'7jn+1€1jkxk’
k=1
where D P stands for the determinant of the submatrix of the matrix that has the

{-th row equal to the j,-th row of the generic matrix Xy, in which we remove the k-th row.
Note that

n
Qn(l‘l,. . .,.%'n) = ZQn_l(xl, e ,.Ci'k, N ,xn)xk.
k=1
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Applying Lemma 3.3 we thus obtain

61jn+1$n+1Qn(61j1x17 s 7€7ljnxn)
n
—_—
=C€1jp11Tn+1 g Qn—l(eljlxla s Chgp Ty e ey €njn90n)€kjk$k
k=1

n
= —1) . ~ . ;
Z( 1) D]17---7]k7---7]n+1eljkxk’
k=1

where 7, = (k,k 4+ 1,...,n), and thus (—1)™ = (—=1)""*. Applying Lemma 3.3 we obtain

n+1
Z(_1)ij1,---,3k,---7jn+1eljkwk
k=1
= (—1)”61jn+1$n+1Qn(61j1$1, e ,enjnxn) — (—l)nQn(eljlml, ey enjnxn)eljnﬂxnﬂ,
which yields the desired conclusion. [

Remark 3.5. Let us remark that the identity (3.1) can be written as

n+1
Z Qn(a1z1, ..., akTk, . . ., AnTp, Apyl kTnt1)apTr =0
k=1

for some ay,ani1x € My (F). It is enough to establish the statement in the case when aj =
€ixjrs 1 < k < n+ 1, are matrix units. Applying Lemma 3.3 we obtain, similarly as in the
proof of Corollary 3.4, the identity

ein+1jn+1$n+1Qn(€i1jll’1, EERE) einjnxn)
. —_—
=€ 1jni1 Tntl E Qn—1(€i1j1 1, - -+ €3 1. Thy - - - » €ipjnn)€ipjpLh
k
e J— T ~ . .
= Z( DD g Cint1,s T
k
= (_1) Qn(elljlxlv <o Gl gLk e eZkJn+lxn+1)eln+1]kxk7
k

where 7 € Sy, T(k) = i.

3.4. An application: Characterization of the determinant. The determinants have
appeared throughout our discussion on one-sided identities. To point out their role more
clearly, we record two simple corollaries at the end of the section.

Let A be an algebra over a field F. A function T': A — A is said to be the trace of an
r-linear function F : A" — Aif T'(x) = F(x,...,z) for all z € A (if r = 0 then T is a constant
function). We remark that if F' is symmetric and char(F') is 0 or greater than r, then F is
uniquely determined by its trace 7. This can be shown by applying the linearization process.

Corollary 3.6. Let m > n and let Ty, : M, (F) — M, (F) be the trace of an (m — 1)-linear
function Fy : My (F)™1 — M, (F), 1 <k <m. If S 1" Fi(zX)zp = 0 is a functional identity
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of M, (F), then each Ty can be written as Tp(x) = det(x)Sk(x) where Sk is the trace of an
(m — 1 — n)-linear function.

Proof. Proposition 3.2 shows that Ty (z;) is a sum of the terms of the form
(_1)5/\€IJ($17 s 7$1) [(le)a SRR (Ljs)a ERER) (1>jn+1)} €ljs-

By definition, [(1,71),..., (L ds),. ., (1, dns+1)] = Edet(z1) if ji,. ., Jss- .., Jns1 € Ny are
distinct, and 0 otherwise. This proves the corollary. [ |

In the final corollary we add more assumptions in order to obtain an abstract characteriza-
tion of the determinant.

Corollary 3.7. Let F : M, (F)" — M, (F) be an n-linear function satisfying F(1,...,1) =1,
and let T be the trace of F. If char(F) = 0 or char(F) > n, then the following statements are
equivalent:

(i) There exist multilinear functions Fi, ..., F, : My(F)" — M, (F) such that

(3:2) > F@hi)ar + F@ e =0
k=1

is a functional identity of M, (F).
(ii) T'(z) = det(zx) - 1.

Proof. Corollary 3.6 shows that (i) implies (ii). To establish the converse, just note that
det(z) - 1 is the trace of the function 4;Q,(21,..., ), and that [Qn(:cl, ey Tp), Tny1] =0
can be written in the form (3.2) with F(Z "H) - Qn( Zﬁ) ]

4. TWO-SIDED FUNCTIONAL IDENTITIES

In this section we consider the general two-sided functional identities

(4.1) Z Fy(zy)x, = ZmlGl

keK leL
Let us first examine what result can be expected.

4.1. Solutions of two-sided functional identities. Let us first consider (4.1) in an arbi-
trary algebra A with center Z. Suppose there exist multilinear functions

W A2 5 A keK, lel, k#1,
N A"l 5 Z ie KUL,

such that
Fe(@y) = Y wpu(@e) + M(Th), keK,
l€L, I#k
(4.2) Gi@) = > pu@hz,+N@,), leL,
keK, k4l

Ni=0 if i¢KNL.
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Note that then (4.1) is fulfilled. We call (4.2) a standard solution of (4.1). In a large class of
algebras a standard solution is also the only possible solution of (4.1) [BCMO7]. Especially in
infinite dimensional algebras this often turns out to be the case. For A = M, (F), this holds
provided only if |K| < n and |L| < n (see e.g. [BCMO07, Corollary 2.23]). Indeed, if |K| > n
or |L| > n then there exist nonstandard solutions of one-sided identities. Do all nonstandard
solutions of (4.1) in M, (F) arise from the one-sided identities? More specifically, let us call
a solution of (4.1) a standard solution modulo one-sided identities if there exist multilinear
functions

op i AV 5 A ke K, LeL,
A2 S A keK, lel, k#1,
N A"l 5 Z e KUL,

such that
Fr@k) = > wpu(@h) + \e(@h) + on(@h,), keK,
leL, l#k
(4.3) Gi@) = Y pu@rr+ NEL,) +i(@,), €L,
keK, k£l

A=0 if i KNL,
D en@y)rr =Y anh(@,) = 0.
keK leL
This notion is not vacuous. Namely, there do exist algebras admitting functional identities
(4.1) having solutions that are not standard modulo one-sided identities. One can actually
find algebras with this property in which all solutions of one-sided identities are standard; see
e.g. [BCMO07, Example 5.29].

Our goal in the rest of the paper is to show that every solution of (4.1) on A = M,,(F) is
standard modulo one-sided identities. As solutions of one-sided identities have been described
in the preceding section, this will give a complete solution of the problem to which we have
addressed ourselves in this paper.

4.2. Grobner basis of a module representing functional identities. In this subsection
we put functional identities aside, and establish auxiliary results needed for the proof of the
main result, Theorem 4.7.

First we introduce the necessary framework. We take m,n € N and define n? x n?-matrices

k k

A0 W
B B

X} = = X ®1 € M,(F) @ M,(F),

k k
N0

® W

T,/ - Tnn
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k k
T 51) 377(11)
(k) (k)

X} = : =1® X} € M, (F) ® M,(F),
(k) (k)

Tin Tnn

() )

Tin Tnn
and write
E= (X1, XX X
Let M be the submodule of the module C™* generated by the rows of Z. We aim to find a
Grobner basis of M.

We need some more notation. Let K = {ki,...,ko} and L = {l1,...,l;} be subsets of N,,,
and let us write @ = KNL = {q1,...,q.} (this set may be empty). Let (di, f1),..., (de, fc) be
such that gy = k4, = ly,. We attach the tuples V = (v1,...,v,) € N2 and S = (s1,...,s) € N’
to K and L, resp. For a subset U C N, |U| = a—c, we write U¢ = {u],...,u.}, v} < -+ < ul,
for the complement of U in N,. Let o belong to Sym U€, the permutation group of U¢. We
choose A € N,, and write

DK(QO‘; Lg \ Q)

for the determinant of the b x b-matrix Y = (y;;), where
2" feri<i<b-1,0eN\ {1 o),
‘W_{ ) fori=b, £ €N\ {fr..... fo},
@) for1<i<b-1,1<(<c

‘/L’io(uz)
Yife = () fori=b1</(<c.

AO’(U}')
Analogously, let 7 € Sym W€, where W€ = {w],...,w.} C N, and write
DK(Q% Ky \ Q)

for the determinant of the a x a-matrix Z = (z;;), where

{ q;gx) for1<j<a—-1,0€Ng\{di,...,d},

20 =
S P R E R Y PR
fBS’q(i,l))’)j forl<j<a-1,1<l<gc
P ¢
Rdyj x(qz)/ forj=a,1</l<ec.
T(we))\ ’

In particular, we write DS(Lg), DX (Kv) for DS(@, Ls), D} (@, Kv), resp. (Note that Y and
Z are formed from the columns (resp. rows) of certain matrices, which is the reason for using
¢ (resp. ¥) in the above notation.)

We further denote by

Swe(@o),  dSw(Ls\ Q)
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the determinant of the submatrix of Y containing the columns labeled by fi,..., f; (resp. by
e Ny \{f1,---,fe}) and rows labeled by i, € W€ (resp. iy, € W), and by

Aoe(@r), - & p(Kv\ Q)

the determinant of the submatrix of Z containing the rows labeled by di,...,dy (resp. by
¢ e Ny \ {d1,...,d}) and columns labeled by j, € U (resp. jy € U). We let the determinant

of the empty matrix be 1.

Example 4.1. Let n = 4, K = {1,2,3}, L = {2,3,4,5}, V = (4,1,2), S = (3,4,2,1),
U={2}, W={1,3}, 0 =id, 7 = (24), A = 4. Then Q = {2,3},
4

) ) (5
) L1z L1z Ty 555111) x5‘12) %(14
c x x x x r
pi@n s\~ | 7 0 B | pieam @)= b |
) To1  Tog Ty

: 2 | o)
swe@a) =1 "5y "B | Bwlls\Q) =|" 5 |
41 T43 T3y T3y
; O TUES vil I 1)
Bue(@) = | T | B\ Q) =] ol
Tor Loy

Let u, s denote the n(y — 1) 4 0-th basis element in the C-module C™. We write

G’:{ Z D! (Ky )ty g | veNn,KgNm,VQNn,IVIZIKI}a
a=|K|

@' = { 3" DY(Ls)uss | 6 € No, L C Ny, § €N, |S| = ‘L'}‘
B=IL|

Note that every polynomial in C' can be treated as a function on M, (IF)™. Let C),,1¢ denote
the elements in C' that are multilinear in some set of variables xy,,...,zk,, 1 < ki # kj < m.
We will say that G is a multilinear Grobner basis of a C-module N C C" if there exists a
Grobner basis G of N such that G = G N C,u.

Proposition 4.2 ([Onn94, Theorem 8.4]). The set G' is a multilinear Gréobner basis of the
submodule M' of M generated by the first mn? rows of Z, and the set G" is a multilinear
Grébner basis of the submodule M" of M generated by the last mn? rows of Z.

We will use this proposition in order to show that one can obtain a multilinear Grobner
basis of M by simply joining G’ and G”. To establish this result in Lemma 4.5 we need some
preliminary lemmas.

For a subset U C N, we set U, =U if a ¢ U, and U, = (U \ {a})U{a} ifa e U.
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Lemma 4.3. Let a,b,ce N, ¢ <a,b<n,UCN, WCN, [U=|W|=¢,Q={q1,--,qc}
For a < a, b < 8 we have

(4.4) Yo D w(@) = Y (Z1)7dp(Qn).

o€SymUq TESym Wpg

Proof. Notice that we can assume without loss of generality that U = W = Q = {1,...,¢},
a = 8 = c. We compute

S AW (Q) = D0 (<17 Y (1)l
o€Sym U ocE€Sym ¢ pESymec
—1 o1 (c71(1 o e
- ; (~1)° ; ()7l
pESYymc oedymce
- Z (_1) EU(Q’T)‘
TESym W

Lemma 4.4. Let K = {ky,...,ko}, L = {l1,...,}, @ = KNL = {q1,...,q.}. Let
(d1, f1),.-.,(de, fc) be such that q@ = kg, = lj,, and let V = (vy,...,v,) € N, § =

(S1,---,5p) EN?L. For a < a <n, b<f <n we have
(~D=% Y (DIt G(Ev\Q) Y (-1)7D§(Q0, Ls\ Q)
(4 5) UCNg,|U|=a—c o€Sym (U®)q
=(-n=f Y ()2t Ay (Ls\ Q) Y (1) DE(Qr Kv \ Q).
WCN,,|W|=b—c TESym (W¢)g
Proof. Using the Laplace expansion by the columns fi, ..., f. we obtain
D§(Qq, Ls \ Q) = Yoo (FD)ZI(1) 2w g (Ls \ Q)dS e (Qo),

WCN,,|W|=b—c

and analogously using the Laplace expansion by the rows dy, ..., d. we have

DLQ-Ev\Q) = Y ()X (—n)Zvetd (Ky \ Q)dh 1e(Qr).

UCNg,|U|=a—c

By applying Lemma 4.3 we arrive at the desired conclusion. [ |

Before proceeding to the proof of the next lemma we make a little digression and recall
some facts concerning Grébner bases and syzygies (see e.g. [Eis95]). Let A be a polynomial
algebra. By uq,...,u, we denote the generators of the free module A”. Let N be a module
over A and {gi,...,g:} its Grobner basis with respect to any monomial order on A". Let
in(g;) stand for the initial term of g;. If in(g;) and in(g;) involve the same basis element of
A", set

in(g;) c A

" = GCD(in(g,), n(gy))
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For each such pair 7, j choose an expression

Tij 1= Myjigi — Mijg; = Z hémge,
¢

such that in(o;;) > in(hé” ) ge) for every ¢; it is called a standard expression of o;; in terms of
the gy, and its existence is guaranteed by the fact that {g1,...,¢:} is a Grobner basis of N.
For other pairs 4,7 set m;; = 0, hém = 0. By Shreyer’s theorem (see e.g. [Eis95, Theorem
15.10]) the module of syzygies on the Grobner basis {gi,...,¢:} of a module N is generated
by

Tig = MU — MU — Z hgij)uZ,
l
1<9,75 <t
Let us define a monomial order > on the module C"°. On C we set '/‘U'Ef]ll) > mz(fji) if
(k1,i1,71) < (ko,i2,72) lexicographically (i.e. ki < kg, or k1 = ko and i1 < ig, or k1 = ko,
i1 = iz and j1 < j2). We define pun g > quq s if (o, 8,q) < (7,6,p) lexicographically (i.e.
a<y,ora=vyand f<d,ora=7~,=234and p>q).

Lemma 4.5. The set G’ UG" is a multilinear Grobner basis of M with respect to the order
2
>on C™.

Proof. Using the Buchberger’s criterion (see e.g. [Eis95, Theorem 15.8]) together with Propo-
sition 4.2 we see that it suffices to verify that o;; has a standard expression in terms of
g € G"UG" for g; € G', g; € G”, initial terms of which involve the same basis element in
C™ and for which oij is multilinear. Choose g; € G', g; € G” such that in(g;) and in(g;)
involve the same basis element of C™*. Define sets K , L C N, such that g; depends on the
variables xy, for k, € K, g; on x;, for [, € L. Then the initial term involves the variables in
Q@ = KN L. For 0;; to be multilinear the factors in the initial terms of g; and g; dependent
on the variables in () need to coincide. Hence,

9i = Z D;(Qﬁ KV \ Q)ub,a,

9= D§(Qo,Ls \ Qugs.a,
B=b

where |K| = a, |L| = b, |Q| = ¢, V € N2, S € No, and W = {dy,...,d.}¢, 7 = id,
U=A{f1,...,f}% o=id, and we have

. k . l
m(gi) = H :U;Zlez H xf}zfg’ m(gj) = H xgcjfc)lz H xéél'

{l kecQ} {ll kec K\Q} {l|1,cQ} {ll1,cL\Q}
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By Lemma 4.4 we deduce

n

DN 3 (RS (Ls\Q) Y (F1)T Y Da(@Qn Kv\Q)ura

A=b WCN,,|W|=b—c TESym (W€) a=a
=Y (=n=d YT (DR (EV\Q) Y (1)7 ) DE(Qy, Ls\Q)ugs x.
A=a UCNg,|U|=a—c o€Sym (U°) B=b

Indeed, restricting to the basis element w5 € C™ on both sides of this identity we get the
identity (4.5) for « = 6,8 = 7. It remains to prove that this identity induces a standard
expression for o;;. It is enough to check that the initial terms of the elements in the Grébner
basis (except for g; and g;) that appear in this identity and involve the same basis element of
C™ are smaller or equal to in(oy;). Those are

(4.6) in(dSw(Ls\QDEQrE\Q) < [T ol T %0 TI 2% .

{€] 1,eL\Q} {€] kee K\Q} {€] ke€Q}
. r c l
(47) (B o\ QDEQe L\ @) < T ol T =% I«
{€] kee K\Q} {el L, e \Q} {el e}

where W = {wy,...,wp—c} C Np, W€ = {w),...,w.}, U = {ur,...,ug—c} C N,, U® =
{uf,...,;u.}, 7 € Sym W<, o € SymU€, and we need to exclude W = {dy,...,d.}°, 7 = id,
and U = {f1,..., fc}¢, 0 =id. Note that the equalities hold for A = b (resp. A = a).

One easily infers that in(c;;) equals the product

k l
(4.8) IT =« 11 =ud II =i
{£ keeQ} {l kec K\Q} {4 L e\Q}
(ka—1) (ka) ( (lp—1) (lb)) by (ka—1) , (ka)

vafl,a—l'r”ava resp. xbfl,sb,lxb,sb xva,a—lxvafl,(l (resp.
) if kg—1 > lp—q1 (resp. if kq—1 < lp—1). The terms in (4.6) are obtained by
(Le)

permuting the indices corresponding to the rows of the elements il

(notice that the elements xgpj’z()ié are also of that form), while the terms in (4.7) are obtained by

(ke)

vyl

in which we replace the factor z
(Ib—1) _(Ip)

b—1,55""b,sp1

appearing in (4.8)

permuting the indices corresponding to the columns of the elements x

(notice that the elements 375‘3821@ are also of that form). Since the permutation described in

order to obtain the initial term of 0;j leads to the biggest monomial among the monomials
in (4.6), (4.7) with respect to the given order > on C, o;; has a standard expression, which
concludes the proof. u

appearing in (4.8)

We will need a slight generalization of Lemma 4.5. Let K = {ki,...,ks} C N,,,, L =
{li,..., b} CN,,. We denote

=KD = (X X X XD,

ll7
and write ML) for the module generated by the rows of 5L Let G'K) C G be a
multilinear Grobner basis on the rows of (Xj ,..., X} ), and G"L) C G” be a multilinear
Grobner basis on the rows of (Xj],...,X})). We state the next lemma without proof since
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one only needs to inspect the proof of Lemma 4.5, and notice that it carries over to a more
general situation of the following lemma.

Lemma 4.6. The set G'5) U G"L) is a multilinear Grobner basis of M (KL,

4.3. Reduction to standard and one-sided identities. We are now in a position to es-
tablish our main result on two-sided functional identities, which together with Theorem 3.4
gives a full description of functional identities on M,,(FF).

Theorem 4.7. Let m > 2 and K, L C N,,. Fvery solution of the functional identity
> Fe(@h)wr = wGi(Th,)
keK leL
on M, (F) is standard modulo one-sided identities.
Proof. The functional identity in question can be written coordinate-wise as a system of equa-
tions. We will treat the situation where K = L = N,,,. Finding all solutions of our functional

identity in this case, we will obtain the desired ones among those with Fj, = 0 for k € N, \ K,
G; =0 for [ € N, \ L. For this let us first denote
F=FY r® FW By aqr=@W,.. ¢V . el by,
H=(F,....F,Gl,....Gp).
Then the system of equations reads as
X1

/
(4.9) HE = (Fl,...,Fl,.G!,....G") );(T _0

Xy
This system can thus be interpreted as a syzygy on the rows of the matrix =.

In our case F}, G; are multilinear so we can restrict ourselves to the syzygies on the rows of
E which yield multilinear functions in z1,...,x,,. These are generated by 7;; for ¢, j such that
i, gj belong to a multilinear Grobner basis G of M. By Lemma 4.5 we have G = G'UG". If
we take elements g;, g; € G’ (resp. gi,g; € G”), then o;; = mj;g;i — m;jg; can be expressed in
terms of g, € G’ (resp. g¢ € G”), since G’ (resp. G”) is a (multilinear) Grobner basis of the
module generated by the first (resp. last) mn? rows of =. These 7;; thus yield the one-sided
functional identities. It remains to consider 7;; for g; € G’, g; € G”. Both elements g;, g; are
multilinear of degree at most n. Let g; involve the variables appearing in X}, for k € K/ C N,,,
|K'| < n, and g; those appearing in X; for [ € L' C N,,, |L'| < n. We can treat g;, g; as the
elements of the Grobner basis on the rows of the matrix 2%'L). By Lemma 4.6, o;j can be
expressed in terms of those gy that form a Grobner basis on the E(K/L/), which implies that
the functional identity of the form

N R@)e =Y wGi(@,)

keK’ lel
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corresponds to the syzygy 7;;. Since |K'[,|L’| < n, this identity has standard solutions by
[BCMO7, Corollary 2.23]. ]

4.4. An application: Commuting traces. Let A be an algebra over a field F, and let
T : A — A be the trace of an r-linear function ¢ : A" — A (see Subsection 3.4). We say that T
is commuting if [T'(x),z] = 0 for all z € A. Such a map is said to be of a standard form if there
exist traces of (r — ¢)-linear functions y; : A — F, 0 < i < r, such that T(z) = YI_, pui(x)z’
for all z € A. The question whether every commuting trace of an r-linear function on A
is of a standard form has been studied extensively for different classes of algebras A (see
[Bre04, BCMO7] for surveys), but, paradoxically, for the basic case where A = M, (F) this
question had been opened for a long time and has been answered in affirmative only very
recently [BS14], and only under the assumption that char(F) = 0. Our goal now is to show
that Theorem 4.7 can be used for obtaining an alternative, independent proof, and moreover,
a slight generalization with respect to restrictions on char(F).

Corollary 4.8. Let T : M, (F) — M, (F) be a commuting trace of an r-linear function t. If
char(F) = 0 or char(F) > r + 1, then T is of a standard form.

Proof. The proof is by induction on r. The r = 0 case is trivial, so we may assume that r > 0
and that the result holds for r — 1.
Note that the complete linearization of [T'(z), z] = 0 yields the functional identity

m m
ZF(fl:n)fL‘k = leF(fin) for all x1 ..., 2, € M, (F),
k=1 =1

where m =r + 1 and

F(.’El, cee ,.ZL‘T) = Z t(xg(l), e ,LIZ‘J(T)).
O'EST
Applying Theorem 4.7 we see that for each k = 1,...,m = r 4 1 there exist functions

o : My (F)™ 1 = M, (F), k€ N,
P 2 M ()™ — M, (F), k.l €N,,, k#1,
Mot Mp(F)™ ! S F, keN,,

such that

m
(4.10) > ek(@p)zr =0

k=1
and

F@p) =Y wpa@y) + (@) + on(@):
1EN,,, I#k

Setting 1 = - -+ =z, = x and using F(x,...,z) = r!T(z) we arrive at
(4.11) T(x) = xPy(x) + Ap(x) + Pp(x), 1<k <m,

where Py, is the trace of % ZleNmJ#k Pri, Ag is the trace of %)\k, and P, is the trace of %gpk.
Note that (4.10) yields Y, ®r(z)z = 0 for all z € M, (F). Interpreting this identity as
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AX = 0 where X is a generic matrix and A is the matrix corresponding to > ;" | @, it follows
(since X is invertible) that A = 0, and hence that

(4.12) > @ =0.
k=1

Further, (4.11) shows that
D () — Py(x) = x(Pg(:c) — Pl(a:)) + Ay(x) — A1(x), 2<0<m.

Summing up these identities and using (4.12) we get
(4.13) m®(z) = x(Z Py(x) — (m — l)Pl(a:)> + ZA@(Z’) —(m—=1)A1(x).
=2 =2

Accordingly,
®y(z) —xP(x) €F for all x € M, (F),

where P; = 1 (ZZLQ Py — (m— 1)P1). Setting P = P; + P; we thus see from (4.11) that
(4.14) T(x) —xzP(x) € F for all z € M, (F).

Since T is commuting it follows that [z P(x),z] = 0 for every x € M, (F), which can be written
as z[P(z),z] = 0. Interpreting this identity through a generic matrix we see, similarly as
above, that [P(x),z] = 0. Thus, P is a commuting trace of an (r — 1)-linear function. By
induction assumption, P is of a standard form. From (4.14) we thus see that T is of a standard
form, too. [ |

A more careful analysis is needed if one wishes to further weaken the assumption on char(IF).
Let us examine only the case where r = 2, which is the one that plays the most prominent role
in applications of functional identities. It naturally appears in the study of Lie isomorphisms,
commutativity preserving maps, Lie-admissible maps, Poisson algebras, and several other
topics (see [Bre04] and [BCMO7, Section 1.4]). Any new information on commuting traces of
bilinear functions is therefore of interest.

We will thus consider the case where T' is a commuting trace of a bilinear map F'. We have
to add the assumption that F' satisfies the functional identity

(4.15) F(x,y)z + F(z,2)y + F(y,2)x = 2F(z,y) + yF(2,2) + 2 F(y, 2).

One way of looking at (4.15) is that (z,y) — F(z,y) is a nonassociative commutative product
on M, (F) which is connected with the ordinary product through a version of the Jacobi
identity: [F(z,v), z] + [F(z,x),y] + [F(y, 2),z] = 0.

Note that (4.15) is actually equivalent to T" being commuting provided that F' is symmetric
and char(F) # 2,3. However, we do not wish to impose these assumptions. The point of the
next corollary is that it has no restrictions on char(F).

Corollary 4.9. Let T be the trace of a bilinear function F : M,(F)?> — M,(F). If T is
commuting and F satisfies (4.15), then T is of a standard form.
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Proof. If char(IF) # 2, then the result follows from [BCMO07, Theorem 5.32 and Remark 5.33].
Assume, therefore, that char(F) = 2. From now on we simply follow the proof of Corollary
4.8. Thus, we first derive (4.11) with m = 3, and after that (4.12) and (4.13). Note that
m®P(z) = ®1(z) since m = 3. Therefore, (4.14) follows with P being a linear function.
This implies that P is commuting, and hence is of a standard form [BCMO07, Corollary 5.28].
Consequently, T is of a standard form as well. [

These corollaries can be extended, by using scalar extensions and other results on functional
identities, to considerably more general algebras than M, (F) (cf. [BS14]). Also, some other
special identities that have proved to be useful for applications could now be examined in
greater detail. However, we do not wish to make this section lengthy and technical. Our aim
has been just to give an indication of the applicability of Theorem 4.7.
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