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Abstract

We introduce a method for the construction of cohomology theories of diagrams of algebras
by using pairings of categorical fibrations and show how it can be compared with the generalized
Baues cohomology of a small category with coefficients in a natural system of complexes.

1. Introduction

This article presents a new approach to the construction of various cohomology the-
ories of small categories. It is basically motivated by the following two observations:

(i) Gerstenhaber and Schack had described (in [4] and elsewhere) a cohomology
theory for diagrams of algebras which is, in a sense, an extension of the Hochschild co-
homology of associative algebras. It should be possible to perform analogous construc-
tions for other cohomologies of algebraic structures, e.g. for the Hochschild-Mitchell
cohomology (cf. [6]).

(ii) Other cohomologies of small categories (with different coefficient systems) seem
to share the common pattern with the construction of Gerstenhaber and Schack, so it
is probably possible to give a unified layout. In particular, it is desirable to include the
very general construction of Baues and Wirsching of the cohomology with coeflicients
in a natural system {sce [1]).

Finding connections between the construction of Gerstenhaber and Schack and that
of Baues and Wirsching looks particulary appealing for it opens the possibility of
pipelining the apparently disjoint calculation techniques from one to the other.
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At first sight both problems appear as relatively smooth ones, but they soon reveal
difficulties in definition of morphisms (the first) and of their variance (the second).
While investigating these, we found that there is much structure around and our present
solution is quite far from what we expected in advance.

We begin the outline of the content just in the middle, describing the main con-
struction. Its general setting are categorical fibrations. We introduce the notion of a
pairing between a fibration and an opfibration with values in the category of cochain
complexes (there is a partial analogy with the pairing between the tangent and the
cotangent bundle in differential geometry). Then we use the fact that, given an ar-
bitrary small category .#, a fibration (&,P.,.#4) induces a fibration (&7,P*,#”) (and
similarly for opfibrations) to extend the pairing to functor categories. This extension
of pairings enables us to define a cohomology thcory for diagrams, starting from a
cohomology theory for objects. With this construction at hand, we show how to de-
scribe the cohomology for diagrams of algebras and then how to generalize it to the
Hochschild—Mitchell cohomology of diagrams. Instead, one can try one’s own favorite
triple construction as well and combining the approach of [4] with the viewpoint of [3],
the construction of deformation theories for diagrams of equationally defined classes of
algebras becomes mere routine. Next we show how the cohomology with coefficients
in a natural system fits in this frame, by constructing canonical fibration and opfibration
over the category .# and assigning a pairing which depends on the given natural system.
The drawbacks of the second example are central to subsequent developments, because
they indicate that our construction can be alternatively described as a cohomology of
a small category with coeflicients in a natural system of complexes. We immediately
use this fact to extend some results of Baues and Wirsching (c.g. invariance of the
construction with respect to the equivalence of categories). This is accomplished by
applying a simple spectral sequence argument. In the last section we show how in an
appropriate pairing situation the extension of pairings produces cohomology groups of
spaces.

2. Preliminaries
2.1. Fibred categories

We recall some definitions and results from [5] and then give some examples for
later use.

The fiber over b € # of the functor P : & — .4 is the subcategory &, := P~!(b)
consisting of all morphisms 4 in &, such that P(h) = idy. Let I, : &, — & be
the inclusion functor. A cleavage (resp. opcleavage) for P consists of functors f™ :
Ep, — Ep, ([« @ &p, — &p,) for cach morphism f 1 by — by in 4, together with
the natural transformations ¢, : Iy o /" — I, (Y : 1, — 1y, o f,) satisfying the
following.
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Axiom. P(¢,) = / (P(yy) = f)and if u: e — e; satisfies P(u) = fog (P(u) = gof)
for some ¢. there is a unique @ : ¢; — f"e3 (& : f.e1 — e3) such that P(u) = ¢ and
u= (@) ot as in the diagram

(’l\

~

~ U
N
u ~

(resp. for opcleavages, such that P(ir) = g and v = 1o ()., as in the diagram

¢ —»/*e

A fibration (opfibration) is a functor P : § — 4 with cleavage (opcleavage). Now we

consider examples of fibrations and opfibrations, some of which we shell need in the
scquel.

Examples of fibrations. (i) The most familiar example of an (op)fibration is the pro-
jection of the category MOD of all modules to the category Rng of rings. Objects
of MOD are pairs (R,M ), where R is a ring and M is a (left) R-module, while the
morphisms are pairs (f.7):(R-M) — (S,N) where f: R — § is a ring morphism
and T : M — N is a morphism of R-modules (we take on N the R-module structure
induced by the pullback along f'). The fiber over the ring R is simply a category
of R-modules, while the cleavage over the ring morphism f : R — § is given by
TS NY = (R, f*N), where f*N denotes the R-module given by the pullback along
1, as betore. For more details, see [5, p. 34].
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(ii) We shall need a variant of the previous example. Fix a base ring R and denote
by Alg the category of R-algebras and by BIMOD the category whose objects are
pairs (4,M) with 4 € Alg and M an A-bimodule, and whose morphisms are pairs
(f.Ty : (4, M) — (B,N), similarly as before. The fibration is obviously given by
the projection on the first factor and by the cleavage determined for every algebra
homomorphism f : 4 — B by f*{B,N)} == (4, f*N), where f*N 1s again the 4-
module obtained by pulling back the bimodule structure along /. This example will
provide the basis for the cohomology of diagrams of algebras.

(iii) To describe the Hochschild-Mitchell cohomology of diagrams we need still
another similar construction. Let AddCat denote the category of all small additive
categories and AddFun the category of pairs (.«/.M), where o/ is a small additive
category and M is a functor from the envcloping category /¢ of <7 to the category of
Abelian groups (cf. [6, p. 56]). A morphism (F,u) : (&7, M) — (7', M’) consists of
an additive functor F : .&/° — .&/" and a natural transformation ¢ : M — M’ o F, The
fibration is the projection on the first factor and the cleavages are described as before
(see also [6, pp. 153-154]).

(iv) In our final example we describe a quite different situation. Let 4 denote any
category and let %% be the respective morphism category. The category %2 has two
natural projections on %, the projection on the source (P,) and on the target (P). We
claim that (42,P,,%) is a fibration and that (%2 ,P,.%) is an opfibration. Consider for
example the second one: the fiber over an object ¢ € % is the category %/c (6 over
¢) and for every k& : ¢ — ¢’ in ¢ we define the opcleavage by

kf:a—c)=kof:a— .
The construction of the cleavage in the first example is analogous.

Remark 1. We mention while passing that (42.P,,%) is an opfibration iff % has
pushouts and (€2,P,,%) is a fibration iff © has pullbacks (cf. [5, Example 2.12.]).

The main fact about fibrations and opfibrations is that they are closed under expo-
nentiation: given a fibration P : ¢ — .4 and a small category .# then P7 : &7 — %/
is also a fibration and similarly for opfibrations. For example, given functors B,B’ :

# — # and a natural transformation g : B — B’ between them, then the cleavage
(67 — (67 g is defined for E € (67 )g by

(WEY = (1;)" (ED)
and

(WE)f = Ef/o?()ﬂl (along 0, ).
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where Ef o ), is the morphism obtained from the following diagram:

{0

Ef 0, Ef

{
1

(W)*Ej ———+ E;

; B — 1 Bi
! B/ Bf

A Ln .

J Bj—'— Bj

as it can be deduced from the proofs of Theorems 2.10 and 3.6 in [5]. The description
for opfibrations is analogous.

2.2. Nerve of a category

If .4 is a small category, then .# determines a simplicial set called the nerve of
the category and denoted N(.#). Its n-simplexes are the composable sequences of

morphisms
I /> fu
6 =(ap<— a < ay Ay < ay)

of length n in ¥, The face and the degeneracy maps are defined as follows:

(fZa“-»fn) i=1,
F‘i(fl ~~~~~ ‘/.n) = (---,_fz’o‘f,#[,...) 1l <i<n,
(fl ~~~~~ _/-nfl) i—n

and
Sl fu) =G finid, fion. ).

To simplify the notation we will frequently use ¢ := dom(f,), ¢ := cod(f}). |g] :=
firo--ofyand (1) :=(~1)4m 7 Also, for a functor F: .7 — % we will denote
by Fo the chain

Fr Fr: F/u
FCI();FCI] — "'<7F[ln

in 4.
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When the small category -# is ordered (i.e. when it has at most one morphism
between any two objects) the nerve of .# reduces to the usual simplicial complex
associated to an ordered set. Its n-simplexes are chains ¢ = (i, < --- < iy) of length
n+ 1 and incidence is 0 < ¢’ < ¢ C g,

3. Pairings of fibrations

Let Cx be the category of cochain complexes and cochain maps in Ab. A pairing
between an opfibration (4,P,.4) and a fibration (&, P, #4) consists of contravariant—
covariant bifunctors

<’>/}f(§/;><(5'/,—>Cx

for every b € 4, such that for every f :u — b in 4, ¢, € v%a and ¢, € &) there is a
natural isomorphism

<(.;(1|_f*€],>u = <.f.*gule/)>/>

(i.e. the opcleavage and the cleavage are adjoint with respect to the pairing). The pth
cochain group of this complex is denoted by ({(&,| /" ¢s),)” and its coboundary by o.
Our main objective in this section is to construct, starting from a pairing between
(&,P,#) and (&.P,#) and a small category 7. a pairing between (&7,P7, 47 ) and
(&P A",
We begin by enlarging the meaning of the symbol { | ). For f:a — b we define
(1);: 8, x &y — Cx as

<éa|€h>/' = <éa|f*eh>u = <f*(;u\e/7>h
and for a path ¢ = (ao Jo ap -l e ay) we define (|}, : (':’a” X &4 — CX as

(o l€u ) = <(;[,,,[€u‘,>m .

Now, fix a small category .# and choosc a diagram B € &7. Then take two dia-
grams E € &” and E € &7, such that B = PY(E) = PY(E), and define a bicomplex
(CP.ds,dp)

CP4 =T Ny(5) — [] (EilEj)s,)” | (o) € ((Ea|Ed)s,)"

fri—j

(The abstruse symbol ((Eg|E)g,)” means: for a path o in .7 starting at i and ending
at j take the pth cochain group of the complex obtained by the pairing of E/ with E;
along the path Ba.) The coboundary map dp : ¢ — CP'4 is induced by the pairing
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and can be easily described:
(dpT' W) = (=1)"3(I ().

while the description of dg is much more involved. The idea is to describe ds as a
simplicial boundary, approximatively of the form

(dsI')No) =) +I(f0).
As is usually the case there is a problem for i = l.g+ 1 because I'(¢;0) and I'(Cyy10)

are not elements of ((F:Q|Eﬁ>gﬁ)” so we must map them in the right group using two
homomorphisms which we call for convenience %, and fi,.

Given a g-simplex o = (i AR iy gy L iy) € Ny(.') we first define the cochain
map
% (Eiy|Eit)gee,ay — (Eiy|Eio)go-
Applying the functor

(Eiy| Yeirm 6B — CX

to the diagram

E

o~

E/

il
: E/
v

(Bf)*(Ei)) — Ei,

B
B/, —

Bi,
we obtain the compositum

<E\11(|Ef‘l>8|f[rrr

(Eiy|Ei\)picre) — (Eiyl(Bf 1) Eio)iro) = (Eiy|Eig)ga

which we call =,.
Similarly, the application of the contravariant functor

{ IEBiojec,m : EBi,_, — CX
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to the diagram

Ei, (Bf,)*(Ei,)
Er E,
\
Ei, |
Bi,— 2 .Bi

yields the compositum

= . <E{;,|EII|I>B\[‘/W s . ~ ., . ~ .
<Elq—1 ‘EIO>B(Q,0) — \(BJ‘(/)*Elt/1E1()>B('F‘,/U) = <Elq!EZO>BU
which we denote by f3,.
Using 2 and f we can describe the coboundary dg : C79 — CP47+1:

y
(dsI)(0) = 0,(F(@10)) + Y (1Y T(@0) + (~ 1) Bo([(24410))

i=2

Now, 2 and f§ are cochain maps so it 1s easy to verify that dsds = 0 and dsdp =

dpds, therefore we can finally define

((E|[E)g, 0) := Tot(C?¥.ds,dp) .

In the remaining part of this section we show that the extension of a pairing is again a
pairing. We must prove the contravariant—covariant bifunctoriality and the ‘adjointness’
between the cleavages and the opcleavages. In both cases we will compare the defining
bicomplexes and to fix the ideas we will always choose ¢ € N,.# with g =i, 5 = j and

6| = f as a test g-simplex. Now, take B € 4, E ¢ ¢’ and a morphism u : E — E’
q p f

in (6*)g and define the map
F** . C**(E,E) — C**(E.E")
as follows:

(FP0)a = ((BS )l B p)) g (I'0).

The morphism F** is defined using a chain morphism, so it obviously commutes with

dp, while a straightforward calculation shows, that it commutes with dg too, therefore

it induces the morphism

(Elws : (E[E)s — (E|E")s.
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An analogous construction establishes the contravariant functoriality in the second fac-
tor. Toward the proof of adjointness, consider a natural morphism v : B — B’ in .47

and functors E € ((57)5, E € (&7)g.. We claim that

(Ev'E)g = (v.E|E)p.
As mentioned in Section 2.1, v*E is determined by (v*E)i := (v,)*(Ei) and similarly
for v, so we have (with 0 € N,/ as above):

(Ec|(v*E)a)s, = (Ei|(v))(E/))a; = (Eil(Bf)*(v;) (Ej))a:

and

|

(v.E)a|EG)gs = ((v).Eil(B' /) (Ej))e = (Eil(v))"(B' f XE/))8:.
The naturality of v gives (Bf)*(v;)* = (v;)*(B’ f)*. therefore
(Egl(v'E)o)as = {(v-E)a|Ed)e:s

for every o € N,.7 and that yields the isomorphism between (E|v*E)g and (v,E|E)g..

4. The Hochschild cohomology of diagrams

In this section we show how the cohomology of diagrams of algebras fits in the
described construction.

We first recall the original definition given in [4]. Let .# be a small ordered category,
and let A : .7 — Alg (algebras over a fixed ring R) and M : .7 — Ab be functors such
that for every i € .4, Mi is an Ai-bimodule and for every i < j in .# the following
relation holds:

M,,-(amb) = AI/(LZ)MU(H’Z)A,/(})) (a,b S Al, m < Ml) .

In other words, we require that IVI,-_/ 1s an A;-bimodule homomorphism, where M; is an
Ai-bimodule through A;; : Ai — Aj. If this holds, we say that M is a bimodule over
the diagram of algebras A. Now we describe the cohomology of A with coefficients
in the A-bimodule M (see [4, p. 15]). Let

CPIAM) = TS (5) — HC”(Ai, Mj) | I'(e) € C"(Ag,M7)

i<j

s

where C?(Ag,M7a) is the Hochschild cochain complex, and two commuting cobound-
aries dy 1 CP9 — CP*Y and dg : CP9 — CP91! which are defined as follows:

(dul')o):=(=1)70I(c) (Jis the Hochschild coboundary)
and for 0 = (igy1 < --- <ip) € L (F)

g
(dsT')a) == M, o I'(¢yo) + Z(—l YI(oo) + (_l)q_Hr(aOO')OAL,HL,-
k=1
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Then C*(A,M) is given by
C*(A, M) = TOt(C*'x(A, M), ds.dy).

(The authors call the cohomology of C*(A,M) simply diagram cohomology, but we
prefer to call it Hochschild cohomology of the diagram A with coefficients in M, to
distinguish it from other diagram cohomologies.)

Next we show how to obtain the Hochschild cohomology of the pair (A, M) from the
ordinary Hochschild cohomology, using extension of pairings. Remember that we have
to describe a fibration, an opfibration and a pairing between them. We just take the
fibration (BIMOD, P, Alg) trom thc second example of Section 2.1 and the opfibration
(Alg?, P,,Alg) from the fourth example of the same section. The description of the
pairing is straightforward:

(f A = DAM)), = C (A M),

where C*(4’, f*M) is the Hochschild cochain complex of the algebra 4" with coeffi-
cients in M, taken as A’-bimodule through f. For a map 4 : 4 — B we have

(ke JIB.M)) g = (ko f(B.M))y = CT(A (ko fYM) = (fIK"(B,M))a.

The map k: f — g from /4" — 4 tog: 4" — 4 in Alg/4 (gok = [), induces the
map (k|(A.M))4: C*(A", g*M) — C(A’, f*M ) which is simply the composition with
k on the right, and similarly for the second factor, where we obtain the composition
on the left. This proves the bifunctoriality of the pairing.

It remains to prove that the Hochschild cohomology of the diagram A with coeffi-
cients in the A- bimodule Mis a particular case of the previously described construction.
First, we define A:d — Alg by Ai = ida; and A(}) = (Af,Af). Similarly, we
substitute M with a functor M : .7 — BIMOD determined by Mi = (Ai,Mi) and
Mf = (Af,M/f). (Note that we have in this way described embeddings of dia-
grams of algebras into (Alg?)” and of A-bimodules into BIMOD”, such that P (A) =
P(M) = A.) We claim that

(<A|1\7|>A,o‘) = Tot(CPUA,M).ds.dy) = C(AM) .

According to the construction, ((A\I\?I)A,é) is the total complex of the bicomplex
(C?9,ds,dp), where

CrH =T Y (F)— CP(ALM)) | T'(iy..... Lip) € CP(Aiy, Mi,)
q 7 y

i</

(Here we have already taken into account that .7 is an ordered category and that the
pairing is defined using Hochschild cochain complex.) Moreover, evidently dp = dj,
so it will suffice to show that the two definitions of dg coincide. To this end it is
necessary to calculate morphisms 2 and f. By the definition, the morphism f; is ob-
tained by applying the functor (ida;, | >A'-/ to the map (ida;,, My, ) @ (Al Miy) —

1
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(A1, A, Mig). The result is the map f, : C*(Ait,,],A,*WMil ) — C*(Aiyg1, Al Mig)
which is, by the definition of the pairing exactly the composition with M;; on the
right. In the same way we find that the map =z is given by the composition with A; ;.
on the left. This proves that the two definitions of dy coincide.

Among other problems that motivated our work, we tried to extend the classical
Hochschild-Mitchell cohomology of generalized rings (‘rings with several objects’, cf.
[6]) to diagrams of such rings. Using the technique of pairings this became almost
trivial.

As the fibration we take (AddFun, P, AddCat) (Example 3 in Section 2.1), and as
the corresponding opfibration (AdCat®, P, AdCat). The pairing is constructed similarly

as in our first example:
(F: 7" — s M)y == (S F M),

where C*(.#',F*M) is the usual Hochschild-Mitchell cochain complex (cf. [6,
pp. 71-73]). The description of the Hochschild-Mitchell cohomology of a diagram A
of (generalized) rings with coeflicients in an A-bimodule M goes as before: substitute
A and M by A and |\7| respectively, and define

H (AM) = H((A|M)) .

5. Extensions of pairings and natural systems

We begin this section with the description of the original construction of Baues
and Wirsching (ct. [!1]) and than show that the extension of pairings can be viewed
as its generalization altough in the way quite different from the one described in
Section 4.

Let .7 be a small category. The category of fuctorizations in ¥, denoted by F.#, is
given as follows: its objects are morphisms of .# and morphisms f — ¢ are all pairs
(k.1) of morphisms in .¢ for which the diagram

commutes in .#. Hence ¢ = Ao f o/ is a factorization of g. Composition is defined
by (k.I)WK' Uy .= (k ok’ ' o ]). Natural system of abelian groups on .7 is a tunctor
M : F.7 — Ab. All morphisms (k,/) in F.4 can be split as (k /) = (k 1)(1,1).
When considering fixed natural system M it will be of use to write k, := M(k, 1) and
I* :=M(1,/) so that, for example, M(k,/) = k.I".
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The cohomology H*(.#,M) of .7 with coeflicients in the natural system M is the
cohomology of the cochain complex (C*(.#,M),d). where

C'AM):= S TN (5) = [[Mf | I (o) € Mo
!

For n > 1 the coboundary d is defined by the formula (¢ = (f1..... f4))

n—1

@I)(@) = (/1) T(000) + Y (D (&) + (V) T,
k=2

while for n =1 and for f :a — b in .7 we let
@ryf) = fol'(a) = f7I(b).

We will occasionaly write Ciy, (.4, M) and Hjy, (7. M) to distinguish them from other
cochain complexes and cohomology groups.

It is, of course, possible to repeat this construction for natural systems in any Abelian
category, but if we choose a natural system in Cx, then we can enrich the complex
of Baues and Wirsching with coboundary morphisms of the coeflicient complexes. We
show how such natural systems arisc in the study of extensions of pairings.

Suppose we are given a pairing situation as in Section 3, and consider a commutative
diagram in 4

a ——‘f b
c ———-—»g d

and its liftings, repectively, in & and &:

e(l eh L)Ll (')17
’ ‘ and ‘ '
€. — &y O ¢y

Then we have the chain of morphisms:
<é0}eh>,f' - <éu‘f*eh>a B <1*E<“./-*eh>u

(felubolep)y — (fuliéelh™eq)p =2 (ke fuliéileq)q

1%

It

(g*é(.[ed>d = <€~('|ed>!l‘

where equalities are just definitions, isomorphisms are due to the adjointness between
opcleavages and cleavages with respect to the pairing and the remaining two morphisms
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arc obtained when we apply the bifunctoriality of the pairing to dashed morphisms in
the following diagrams:

\ and
\j

In this way we can construct a natural system of complexes. In fact, if we take a
functor B : .4 — .4 and its liftings E : .7 — & and E : .4 — &. we can define the
functor (E|E) : ./ — Cx by

e.— lx¢,

N o~ -~

a

(EIE)( /) := (EilEj)g, (f i —J)

and to every map

from f to ¢ in F.7 we assign the cochain map between the complex (E\E)(f) =
(EilEj)g, and (E|E)(g) := <Ei’|Ej’>B‘,» constructed as in the previous chain of
morphisms. The naturality of all constructions guarantees that (E|E) is indeed a
functor, namely a natural system of complexes. This fact is central to subsequent
developments.

As a first application, we show how to obtain the ordinary cohomology with coeffi-
cients in a natural system using extensions of pairings. Obviously, the usual natural
system of Abelian groups can be viewed as a natural system of complexes which are
concentrated in grade zero. Now suppose we are given a small category .# and a
natural system of Abelian groups M. We take .# as a base category and (.#2.P,,.#)
and (.72 P...7) as opfibration and fibration, respectively. It is easy to see that the
following formulas define a pairing:

(i = jlj k) = Mg ),
for (h,1):g — hg in (F%),
(SIh 1)), = h,
and for (1Lh): f — fhin (#2);

(L f)y == h"
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If we extend this pairing to functors from .7 and in particular for functors E:v—
It and E: .7 — ¥ given by Ei ;= Ei:=id; and Ef :=Ef = ((f,[):id; — id;),
we obtain exactly what we looked for:

Proposition 2.

H* (.7, M) = H*((E[E)\g)

Proof. The proof is easy; we just show that the extension of the given pairing produces
the right cochain complex. For ¢ = ( f1,.... f,) wec have

(Eq|E5), = Mlal.
therefore,
CY ={I:N.J — H Mf U I(o) € Mlol}
fri=y

and C#4 =0 for p > 0. It follows that
(EIE)jg = (C**.ds).

Checking the definitions of maps %, and fi, (cf. Section 3) yields o, = fy. and
B, = [ hence the cochain complexes Chy (7. M) and (E|E)[, are indeed equal. [T

6. Natural systems of complexes

As we saw in the previous section, every pair of functors E, E, with the same
projection B, determines a natural system of complexes (E|E). However, the usual
cochain complexes for a natural system, as defined by Baues and Wirsching are not
the same as the ones defined from extension of pairings. In fact, the later exploits the
‘internal’ coboundaries of coefficient complexes. This motivates our next definition.

Given a small category .# and a natural system of complexes M : F.¥ — Cx we
define the cohomology of .# with coefficients in M as the cohomology of the total
complex of the following bicomplex:

CP = {I N, J — H (Mf) | F(o) € (M|a])?},
fri—j

n—1
(dsh) (o) = fr.(@o)+ Y (=D T(&0) + (=1 [T (2,0,

k=2
(dpD')(a) = (—1)(L'0).

where ¢ = (f1,..., f») and J is coboundary of the appropriate coeflicient complex.
Routine calculations show that it is indeed a bicomplex, so we can define

C*(.f,M) = TOI(C*‘*,ds,dp)
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and
H*(Z.M):= H(C*(.7.M))

which extends the usual construction of [1].
This construction is equivalent to extension of pairings. More precisely, we have

(4. (E[E)) = (E|E)s.

It clearly suffices to show that morphisms /', and f) equal 2, and f,. respectively.
Consider for example f1. = M(/.1). It is defined as the composition of morphisms
in the following diagram:

Mu = (Ei,|Ei\), = (u.Ei,|Eiy) — (u.Ei,| f{Eiy) = (Ei,|Eig), = Mu,

where ¢ = (iy _, [ — o LR i), u = B|dyo], ¢ := Blo| so that fyu = v. This
compositum is exactly the same as in the definition of x,. The proof that [ = ff; is
similar.

We usc this fact to do some calculations in the general setting. Given a small cate-
gory -7 and a natural system of complexes M : F.¢¥ — Cx the cohomology H (.4, M)
is obtained from the double complex C**(.#.M) so there is a spectral sequence con-
verging to it. It turns out that its E.-term can be described by means of the ordinary

Baues—Wirsching cohomology.
Consider the spectral sequence associated to the double complex (C**,dp.dg). Its
E>-term is

EP = HIHJ(C™™ dp.ds).

The coboundary dp is independent of the other direction, so we can approximatively
identify H7”(C**.dp) with C*(.#, H”(M, 6)) and that motivates the following construc-
tion. Every natural system of complexes M : F.¥ — Cx determines a natural system
of graded groups H: F.7 — GrAb defined as

HO(f Y= HPY(M Y and HP(K D) = HP(M(K D).

Than we have
HP(CH* dp)y = C*(7,H).

Calculating the cohomology in the simplicial direction finally yields
EDY = Hiw (9, H? Y = H* (7, M).

We give two applications of this spectral sequence based on results in [I].
Given a functor F: # — .7/ between small categorics we can pull back every natural
system of complexes M : F.¢ — Cx to the natural system F*(M) : F.7" — Cx defined
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by F*(M) := M(F /). This induces a homomorphism F* : H*(.4,M) — H*(.#',F*M)
which acts on cochains as (F*I')(a) := I'(Fo).

Proposition 3. If F . .4 — 7' is an equivalence of categories then it induces the
isomorphism

F 1 (J,M)= H*(F' F*M)
Jor all natural systems of complexes M on .7,

Proof. The functor F induces a mapping of respective (first quadrant) spectral se-
quences so it would suffice to show that it induces an isomorphism between F£>-terms.
We have

EPNI M) = Hiy (9, H?)
and

EPUCI F*My > HE (7 R,
where H7(f) := HP(F*M(f)), but

HEP(F"M(f)) = HP(M(F /) = HP(F /') = FTH?(f),
therefore,

EPI(F F*M) & Hiw (9 F*H?).

The induced homomorphism Hy, (.7, H”) — Hi, (#',F*H?) is an isomorphism, as
shown in [1, Theorem 1.11], hence their abutments are also isomorphic. [

As an immediate consequence we have (in the notation of Section 3):

Corollary 4. Every equivalence of small categories F : # — ' induces an isomor-
phism

(E|E)s = (E o F|E o F)per.

7. The cohomology of spaces

We now show how the extension of pairings, applied in a fairly simple situation,
yields the cohomology groups of topological spaces.

If we consider the set of natural numbers as an ordered category then its nerve is
a simplicial complex whose geometric realization is an infinite-dimensional complex
A, that can be embedded in the Hilbert cube. Denote by A the ordered category
whose objects are the simplexes of A., and whose morphisms are inclusion maps.
The categories A and Ab are, respectively, opfibration and fibration in the trivial way
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over the one object — one morphism category 1. We define the pairing between A and
Ab over 1 as follows: for 6 € A and 4 € Ab

(6]4) 1= Cgpp(0;4),

sim)

where Cf(0;4) is the simplicial cochain complex of ¢ with coeflicients in 4. If
i:7 <> ¢ is a morphism in A then
(il4) : C,(0:4) — C5 (1, 4)

simp imp

is just the restriction, while for /' : 4 — B in Ab
(alf) = Cimpla; A) — Cgp(a; B)

is the composition with f. For every at most countable, locally finite simplicial complex
Y. its geometric realization can be simplicially embedded in A, hence we obtain a
functor | from the ordered category ¥ to A. A functor A : X — Ab is a local system
of coefficients on X. It is easy to check that the application of the extension of pairings
yields

H*((I|A)) = H™(X; 4),

the simplicial cohomology of ¥ with coefficients in the local system A.
By modifying slightly the previous pairing we obtain another interesting result. For
g € A and 4 € Ab we define the pairing by

(0]4) i= Cling(a:4),

where Cj .(a;4) is the singular cochain complex of ¢ with coefficients in 4. Once
again the inclusion of simplexes induces the restriction of cochains and a homomor-
phism f of coefficient groups induces the composition with f. If X is any topological
space and % is a locally finite countable cover of X then its nerve N(#) is a sim-
plicial complex that can be simplicially embedded in A.,. This yields an embedding
functor | : .# — A, where .# is the ordered category of the simplicial complex N(%).
On the other side, a local system of coefficients for the covering # is just a functor
A :.# — Ab. Then (l|A) is the total complex of the bicomplex
CP={I: 5.9 — H (03 AT) | (09 > -+ > a,) € CP(o4;Ady)},

sing
o<t
with dp the coboundary map of various cochain complexes and dg : CP9 — (CPIt!
given by

q
(dsT)a0 2 - 2 64) i= Ao (T(01 = -+ 2 0ge)) + 3 (=1IT(..50..)

i=1
=D r 0 (F(ag = -+ = ag)),

where 75, 1 CP(04;Acy) — CP(0441;A0p) 1s the restriction homomorphism. But

this is exactly the bicomplex of the Cech cohomology with coefficients in the local
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system A for the cover “, as given in [2]. If the cover is good (cf. [2]) we recover
the cohomology of X with coefficients in A.

Acknowledgements

I would like to thank M. Grandis for many patient discussions on these problems
and in particular for his suggestion to use fibered categories to describe the results.

References

[1] H.-J. Baues and G. Wirsching, Cohomology of small categories, J. Pure Appl. Algebra 38 (1985)
187-211.

[2] R. Bott and L. Tu, Differential Forms in Algebraic Topology (Springer, New York, 1982).

[3] T.F. Fox, An introduction to algebraic deformation theory. J. Pure Appl. Algebra 84 (1993) 17-41.

[4] M. Gerstenhaber and S.D. Schack, On the deformation of algebra morphisms and diagrams, Trans.
Amer. Math. Soc. 279 (1983) 1-50.

[5] J.W. Gray. Fibred and Cofibred Categories, in: S. Eilenberg, Ed., Proc. Conf. Categorical Algebra, La
Jolla, 1965 (Springer, Berlin. 1966).

[6] B. Mitchell, Rings with several objects, Adv. Math. 8 (1972) [-161.



