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Chapter 1
FROM GRAPHS TO
GEOMETRIES
1.1

Graphs

§ 4. Simple graphs. There are several cryptomorphic definitions of graphs
available in the literature. The choice of definition and notation is usually
governed by the classes of graphs under investigation.
For simple graphs the following definition suffices. A graph X is a pair
(X, ∼), where X = V (X) is the vertex set and ∼ is an irreflexive, symmetric
relation on V (X), called adjacency. We let E(X) denote the edge set, that
is the set of unordered pairs of adjacent vertices of X. If X is a graph we
let V (X) = V and E(X) = E denote the respective sets of vertices and
edges. The edge, corresponding to the adjacent vertices u and v is denoted
by u ∼ v = {u, v} = uv = vu. u and v are called endpoints (or endvertices)
of the edge uv. The number of vertices adjacent to a given vertex v is called
the valence of v and denoted by ν(v). We say that an edge is incident to
its endpoints. Since every edge is incident to two endpoints, summing over
the vertex valencies yields twice the number of edges. This simple but useful
observation is called the Handshaking Lemma.
Theorem 1.1 (Handshaking Lemma).
X

ν(v) = 2|E|

v∈V
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Let X and Y be simple graphs. A bijection φ : V (X) 7→ V (Y ) is an
isomorphism between graphs if two vertices x, x0 ∈ V (X) are adjacent in X
if and only if their images under φ, say y = φ(x), y 0 = φ(x0 ) are adjacent in Y .
Graphs X and Y are isomorphic if and only if there exists and isomorphism
between them.
A property of a graph is called a graph invariant, if it is preserved under
isomorphisms. Here are some graph invariants: number of vertices, number
of edges, maximal valence, or minimal valence.
preserving adjacency, i.e. u ∼ v if and only if i(u) ∼0 i(v).
We usually represent a graph by a figure using a “dot” for a vertex and
a (curved) line segment connecting the two dots corresponding to the endpoints u and v for the edge uv. There are many graph drawing programs
that produce such figures from the combinatorial information. A graph is
a purely abstract concept and its representation as a figure leaves a lot of
freedom. A nice figure should not only be aesthetically pleasing, but convey
moreover additional information about the properties of the graph. There is
some interaction taking place here. Knowing about special properties of a
graph influences the rendering of it and conversely, a nice figure might make
some special properties of a graph transparent. We use the computer system
Vega[26] to produce many of our figures.

1.1.1

Examples of Graphs

For the following list of examples the reader is encouraged to take pencil
and paper and produce several drawings for each abstract definition given.
These examples are basic and will be used many times. Names such as path,
cycle, complete graph, etc. will be used for all graphs isomorphic to the ones
defined below.
§ 5.

Paths. Pn , the path on n vertices.
V = {v1 , v2 , . . . , vn }

E = {vi vi+1 | i = 1, . . . , n − 1}.

The vertices v1 and vn in the above example are called endvertices of Pn ,
its other vertices are called internal.

1.1. GRAPHS
§ 6.

21

Cycles. Cn , the cycle of length n.
V = {v1 , v2 , . . . , vn }
E = {v1 v2 , v2 v3 , . . . , vn−1 vn , vn v1 }

.
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P1

P2

P3

P4

P5

P6

Figure 1.1: Paths Pn , n = 1, 2, · · · , 6.
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C3

C4

C5

C6

C7

C8

Figure 1.2: Small cycles Cn , n = 3, 4, . . . , 8.
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Complete Graphs. Kn , the complete graph on n vertices.
V = {v1 , v2 , . . . , vn }
E = {vi vj | i < j; i, j = 1, . . . , n}

.
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K1

K2

K3

K4

K5

K6

K7

K8

K9

Figure 1.3: Complete graphs Kn , n = 1, 2, . . . , 9.

26
§ 8.

1. FROM GRAPHS TO GEOMETRIES
Complete Bipartite Graphs. Km,n , the complete bipartite graph.
V = {a1 , a2 , . . . , am , b1 , b2 , . . . bn }

.
E = {ai bj | i = 1, . . . , m; j = 1, . . . , n}
.

K1,1

K1,2

K1,3

K2,2

K1,4

K2,3

K1,5

K2,4

K3,3

K1,6

K2,5

K3,4

Figure 1.4: Small complete bipartite graphs Km,n .
Alternatively, we can define a complete bipartite graph as a graph whose
vertex set is partitioned into two sets (the a’s and b’s in the example above),
and two vertices are adjacent if they are in different sets of the bipartition.
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§ 9. Complete Multipartite Graphs Kn1 ,n2 ,...,np , the complete multipartite graph.
V = {aij | 1 ≤ i ≤ p; 1 ≤ j ≤ ni }
E = {aij akl | i 6= k}
.

K1,1,1 = K3(1) = K3

K1,1,1,1 = K4(1) = K4

K1,1,2

K2,2,2 = K3(2)

K2,2,2,2 = K4(2)

K3,3,3 = K3(3)

Figure 1.5: Small complete multipartite graphs.
A complete multipartite graph has a vertex set partitioned into p sets
and two vertices are adjacent if they belong to different sets of the partition.

28
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For the graph Kn1 ,n2 ,...,np with n1 = n2 = · · · = np = n the more economical
notation Kp(n) is frequently used.
§ 10. Generalized Petersen Graphs. For a positive integer n ≥ 3
and 1 ≤ r < n/2, the generalized Petersen graph G(n, r) has vertex set
{u0 , u1 , . . . , un−1 , v0 , v1 , . . . , vn−1 } and edges of the form ui vi , ui ui+1 , vi vi+r , i ∈
{0, 1, . . . , n − 1} with arithmetic modulo n.

G(3, 1)

G(4, 1)

G(5, 1)

G(5, 2)

G(6, 1)

G(6, 2)

G(7, 1)

G(7, 2)

G(7, 3)

Figure 1.6: Small Generalized Petersen graphs G(n, r).
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G(8, 1)

G(8, 2)

G(8, 3)

G(9, 1)

G(9, 2)

G(9, 3)

G(9, 4)

G(10, 1)

G(10, 2)

G(10, 3)

G(10, 4)

Figure 1.7: More generalized Petersen graphs G(n, r).
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§ 11. Dürer Graph. If we cut away (truncate) the opposite corners of
a cube Q3 = Π4 = G(4, 1) we obtain the so-called Dürer graph G(6, 2).
§ 12. Subgraphs, Induced Subgraphs, Spanning Subgraphs. A
subgraph Y of a graph X is a graph (Y, ∼0 ) such that V (Y ) ⊆ V (X) and
the relation ∼0 is contained in the relation ∼ restricted to Y . This implies
that E(Y ) ⊆ E(X). If ∼0 equals the restriction of ∼ to S, S = (S, ∼0 ) is
called induced subgraph of X. A subgraph Y with V (Y ) = V (X) is called a
spanning subgraph. Obviously, a graph with v vertices and e edges contains 2v
induced subgraphs and 2e spanning subgraphs. These numbers indicate that
it is usually difficult to find subgraphs of a particular kind in a large graph.
A spanning cycle is called a hamilton cycle A graph is called hamiltonian if
it contains a hamilton cycle as subgraph.
§ 13. Connected Graphs. A graph X is called connected if it contains
a path between any pair of its vertices.
A graph is called n-connected if it contains n internally disjoint paths between any pair of its vertices. The connectivity of a graph X is the largest k
for which X is k-connected. Connectivity is a graph invariant. The connectivity of Cn , for example is 2, Pn has connectivity 1, while Kn has connectivity
n − 1. Note that in an n–connected graph every vertex must have valence at
least n.
§ 14. Trees. A graph that contains a unique path between any pair of
its vertices is called a tree. Equivalently, a tree is a connected graph that
contains no cycles. Every connected graph contains a spanning tree. It is
easy to see that a spanning tree for a graph on n vertices must contain exactly
n − 1 edges and that a graph on n vertices with at least n edges must contain
at least one cycle. For our purposes we define a binary tree in a slightly more
general way. A binary tree is a tree with exactly one vertex of valence k,
which is called the root, and all other vertices of valence 3 (internal vertices)
or of valence 1 (leaf vertices). Figure 1.8 shows a binary tree with a root of
valence 3.
A graph that has no cycles is called a forest. Observe that a forest is the
disjoint union of trees. A connected forest is a tree.

1.1. GRAPHS
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Figure 1.8: A binary tree with a root of valence 3.

§ 15. Girth. The length of the shortest cycle in a graph is called the
girth of the graph. The girth of a simple graph is at least 3. The girth of a
tree or forest is infinite. Note that girth is a graph invariant.
§ 16. Cages. The smallest trivalent graph of girth g is called a g-cage.
K4 is the unique 3-cage and K3,3 is the only 4-cage. The Petersen graph
G(5, 2) is the only 5-cage. We now establish a lower bound on the number
of vertices a g-cage must have.
Theorem 1.2. A 2k cage must have at least 3(2k−1 + 2k−3 ) − 2 vertices. A
2k + 1 cage must have at least 3.2k − 2 vertices.
Proof. To establish a lower bound on the number of vertices of a g-cage, we
start with a binary tree whose root vertex is of valence 3. On the first level,
we have 3 vertices, on the second level, we have 6 vertices, etc, see Figure 1.8.
For the case g = 2k + 1, edges between vertices on the same level are only
allowed from level k on, so we have 1 + 3 + 3.2 + 3.4 + . . . 3.2k−1 vertices,
yielding the desired bound. For even girth we could possibly pair off two
vertices on level k − 1 and connect them to a vertex on level k.
It turns out that the 6-cage is the Heawood graph; see Figure 4.22. The
7-cage has 24 vertices and is depicted on Figure 2.12. The 8-cage is known as
the Cremona-Richmond graph. However, graph theorists prefer to call it the
Tutte 8-cage. We will learn more about the Heawood graph and the Tutte
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8-cage later and the relationship of the former to projective planes and the
latter to the hexagrammum mysticum of Pascal.
It is interesting that the 9-cage was not found until quite recently (1995).
The search for the 9-cage involved a lot of computer checking and the result
came as a surprise. There are 18 non-isomorphic 9-cages. All smaller cages
have regular structure and are unique. However, the 9-cages do not show
any apparent structure; they are computed in [15].
Balaban found one of the three 10-cages which is shown in Figure 1.9. It
is perhaps of interest to note that the 10-cages were known before all the 9cages were computed. The reason is simply in the fact that the gap between
the easily proven lower bound and the actual size of the cage is larger for the
9-cage than for the 10-cage. By Theorem ?? there is no trivalent graph of
girth 9 on fewer than 46 vertices and that there is no such graph of girth 10
on fewer than 62 vertices. Since the 9-cage has 58 vertices and the 10-cage
has 70 vertices the respective gaps are 12 for the 9-cage and only 8 for the
10-cage. For a survey on cages, see [84].

Figure 1.9: Balaban’s 10-cage.

1.1. GRAPHS
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§ 17. Planar Graphs. A graph that can be drawn in the plane so that
edges intersect only at vertices, is called planar. A drawing without edge
crossings is called a plane embedding of the graph. Clearly any tree can
be drawn without edge crossings. Let G be a connected planar graph and

Figure 1.10: Planar and non-planar drawing of K4 .
consider a plane embedding of it. Such a drawing subdivides the plane into
regions, which we call the faces of G. For example in the plane embedding
of K4 in Figure 1.10, we count four faces, namely three triangles and the
infinite outer face.
Given a connected planar graph G on n vertices, together with a plane
embedding, choose a spanning tree T in G. T has n − 1 edges. The plane
drawing of T , induced by the plane drawing of G, has only one face. Inserting an additional edge of E(G) − E(T ) will divide this region into two.
Inductively, we get one more face by inserting an additional edge. We started
out with n vertices, n − 1 edges and 1 face. We add e − (n − 1) edges to
get f faces, so e − (n − 1) = f − 1, or n − e + f = 2. The alternating sum
n − e + f is called the Euler characteristic. It is a property of the surface in
which the graph is embedded and we say that the Euler characteristic of the
plane equals 2.
§ 18. Semiedges, Pregraphs and General Graphs. Note that in the
above examples we are tacitly assuming that n is large enough. Cn fits our
definition of graph only if n ≥ 3. Using this definition we cannot describe the
so-called multi-graphs, the graphs having parallel edges and loops. In order

34
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to accomplish a mathematical description of multi-graphs, we consider two
disjoint sets V (X) and E(X), the vertex set and the edge set of the graph X,
as well as a function that assigns each edge e at most two vertices, which are,
as before, called the endvertices of e. Let S(X) ⊆ V (X) × E(X) denote the
collection of vertex - edge incident pairs. s ∈ S(X) if and only if s = (v, e)
and e is an edge whose end-vertex is v. S(X) is called the set of semi-edges,
of X.
The most general definition that we will use defines a graph X as a
quadruple (V, S, i, r) such that V and S are sets, i is a map i : S → V
that assigns each semi-edge s ∈ S its end-vertex i(s) ∈ V , and r : S → S
is an involution r2 = 1 mapping each semi-edge to its opposite semi-edge.
In this model, the set of edges E is given as the set of orbits of r. If r is
allowed to have fixed points the corresponding orbits have a single element
and the corresponding edge is called a half-edge. Structures with half-edges
are sometimes called pre-graphs.
Let us summarize: for any graph X we will use the sets V (X), E(X), S(X),
the relation ∼X , the mapping iX and the involution rX . Note that our definition of graph isomorphism was only given for simple graphs. In Exercise ??
we discuss this notion for general graphs.

1.1.2

Skeleta.

There are several natural bridges between graphs and all kinds of geometric
objects. It is time we explore some of them.
Platonic and Archimedean solids are well studied polyhedra. For some
history, definitions and theory see [?].
Each polyhedron gives rise to a graph composed of its vertices and adjacency defined by its edges. Such a graph is called a skeleton or 1-skeleton.

1.1. GRAPHS
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Tetrahedron

Octahedron

Dodecahedron

Icosahedron

Hexahedron

Figure 1.11: Five platonic graphs: tetrahedron, octahedron, hexahedron
(cube), dodecahedron and icosahedron.

36

1. FROM GRAPHS TO GEOMETRIES

Truncated Tetrahedron

Truncated Octahedron

Truncated Hexahedron

Truncated Dodecahedron

Truncated Icosahedron

Cubeoctahedron

Icosidodecahedron

Snub Cube

Snub Dodecahedron

Rhombicubeoctahedron

Truncated Cubeoctahedron

Rhombicosidodecahedron

Truncated Icosidodecahedron

Truncated Icosidodecahedron

Truncated Icosidodecahedron

Figure 1.12: Thirteen Archimedean graphs. (The last one is shown in three
different forms.)

1.1. GRAPHS

37

§ 19. Platonic and Archimedean Graphs. The five platonic solids,
namely tetrahedron, octahedron, hexahedron (cube), dodecahedron and icosahedron give rise to the platonic graphs, see Figure 1.11. In a similar way the
thirteen archimedean solids give rise to the archimedean graphs, see Figure 1.12.

Π3

Π4

Π5

Π6

Π7

Π8

Figure 1.13: Prisms Πn , n = 3, 4, ..., 8.

§ 20. Prisms. A prism is a polyhedron with two parallel opposite faces,
called bases, that are congruent polygons. All the other faces, called lateral
faces, are parallelograms formed by the straight lines through corresponding
vertices of the bases. Πn , the n−sided prism graph, is the skeleton of a prism
whose base is an n-gon.
V = {u1 , u2 , . . . , un , v1 , v2 , . . . , vn }
E = {u1 u2 , u2 u3 , . . . , un−1 un , un u1 , v1 v2 , v2 v3 , . . . , vn−1 vn , vn v1 , u1 v1 , u2 v2 , . . . , un vn }

38

1. FROM GRAPHS TO GEOMETRIES

.

A3

A4

A5

A6

A7

A8

Figure 1.14: Antiprisms An , n = 3, 4, . . . , 8.

§ 21. Antiprisms. An antiprism is a polyhedron with two n-gons as
bases and 2n triangles as side faces. Its 1-skeleton is An , the n−sided antiprism graph.
V = {u1 , u2 , . . . , un , v1 , v2 , . . . , vn }
E = {u1 u2 , u2 u3 , . . . , un−1 un , un u1 ,
v1 v2 , v2 v3 , . . . , vn−1 vn , vn v1 ,
u1 v2 , u2 v3 , . . . , un−1 vn , un v1 ,
u1 v 1 , u 2 v 2 , . . . , u n v n }
.
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§ 22. Regular Graphs. Cycles, complete graphs, prisms and antiprisms
are all examples of regular graphs. A graph is k-regular if all of its vertices
have valence k. Cycles are 2-regular, and conversely, 2-regular graphs are collections of cycles. Note that 1-regular graphs are collections of non-incident
edges. 3-regular graphs exist in much greater variety, however. Prisms and
antiprisms are simple examples, so are the generalized Petersen graphs.
§ 23. Cubic Graphs and LCF Notation. 3–regular graphs are also
called cubic. If a cubic graph is Hamiltonian, we can draw it as a |V |-gon
with inserted diagonals which leads to a convenient notation, due to Frucht
et al. [30]. Given the Hamilton cycle, all we have to do is to list the lengths of
chords measured in jumps when we traverse the vertices along the Hamilton
cycle. Such a list is called the LCF notation.
For instance, K4 can be described by [2, 2, 2, 2]. K3,3 is [3, 3, 3, 3, 3, 3],
the cube Q3 is [3, −3, 3, −3, 3, −3, 3, −3]. Note that we may use negative
integers. In the last example we could have used 5 instead of −3. We can
also used exponent notation in order to shorten repeated subsequences. Here
is an equivalent shorthand notation for the above examples: LCF (K4 ) =
[24 ], LCF (K3,3 ) = [36 ], LCF (Q3 ) = [(3, −3)4 ].
Example 1.3. The graph G whose LCF notation is
LCF (G) = [−5, 2, 4, −2, −5, 4, −4, 5, 2, −4, −2, 5]
is depicted in Figure 1.15.

§ 24. Wheels or Pyramid Graphs. The 1-skeleton of an n-sided pyramid is called pyramid graph. Pyramid graphs are also known as wheels, an
indication that these graphs can be obtained without help from geometry.
In the next section we will describe operations on graphs that can efficiently
be used to obtain for example prism or pyramid graphs from vertices, edges
or cycles.

1.1.3

Operations on graphs.

There are several operations on graphs available that can be used to generate
new, large graphs from old, simple ones.

40
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Figure 1.15: LCF code: [−5, 2, 4, −2, −5, 4, −4, 5, 2, −4, −2, 5].

§ 25. Cartesian Product. The hypercube Qn can be expressed in terms
of K2 if we introduce the cartesian product (denoted by ¤ of graphs. In the
same way, the prism Πn = Cn ¤K2 = G(n, 1).
Let X and Y be any two simple graphs. The cartesian product X¤Y has
the vertex set
V (X¤Y ) = V (X) × V (Y ).
Vertices (x, y) and (x0 , y 0 ) from V (X¤Y ) are adjacent if and only if either
x = y and x0 ∼ y 0 or x ∼ y and x0 = y 0 .
The prism Πn , for example can be expressed as the cartesian product of
a cycle of length n and the complete graph on 2 vertices, Πn = Cn ¤K2 .
Since ¤ is associative (see Exercise 1.9), we can consider the cartesian
product of several factors. Taking n factors equal to K2 , we obtain the
hypercube Qn . Qn = K2 ¤K2 ¤ . . . ¤K2 . Small hypercubes are depicted in
Figure 1.18.
§ 26. Tensor Product. Let X and Y be any two simple graphs. The
tensor product X × Y has the vertex set
V (X × Y ) = V (X) × V (Y ).
Vertices (x, y) and (x0 , y 0 ) from V (X × Y ) are adjacent if and only x ∼ y and
x0 ∼ y 0 .

1.1. GRAPHS
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W3

W4

W5

W6

W7

W8

Figure 1.16: Small wheels or pyramid graphs Wn , n = 3, 4, . . . , 8.
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Figure 1.17: The Dürer graph G(6, 2) obtained as a skeleton of the cube
whose two antipodal vertices have been truncated.

§ 27. Strong Product. Let X and Y be any two simple graphs. The
strong product X £ Y has the vertex set
V (X £ Y ) = V (X) × V (Y ).
Vertices (x, y) and (x0 , y 0 ) from V (X £ Y ) are adjacent if and only if either
x ∼ y and x0 ∼ y 0 or x = y and x0 ∼ y 0 or x ∼ y and x0 = y 0 .
For product graphs see the monograph [49]
§ 28. Line Graph. Among the operations on graphs we need the transformation into the line graph. For any simple graph X let L(X) denote the
graph whose vertex set V (L(X)) is E(X) and two vertices e and e0 from
V (L(X)) are adjacent if and only if e and f are incident (as edges of X) with
a common vertex of X. The line graph of K3 for example is the octahedron
graph.
§ 29. Subdivision graph. The subdivision graph S(X), has: V (S(X)) =
V (X) ∪ E(X) and two vertices x and f of S(X) are adjacent if and only if
x ∈ V (X) and e ∈ E(X) and x is incident to e in X.
§ 30. Graph Complement. The graph complement Y = X c has V (Y ) =
V (X) and x ∼ y in Y if an only if x is not adjacent to y in X.
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Q1

Q2

Q3

Q4

Q5

Q6

Figure 1.18: Small hypercubes Qn ; n = 1, 2, 3, 4, 5, 6.
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Figure 1.19: Bipartite graphs with black and white bipartitions.

§ 31. Graph Union. We define the graph union X ∪ Y as the disjoint
union of two graphs. In particular, if two graphs are isomorphic, we write
2X for X ∪ X, 3X for X ∪ X ∪ X, etc.
§ 32. Graph Join, Cone, Suspension. The graph join X ∗ Y of graphs
X and Y can be defined in terms of graph union and graph complement.
X ∗ Y = (X c ∪ Y c )c .
For instance, for a given graph X we denote by C(X) the cone over X. It
is obtained from X by adding a new vertex called the apex of the cone and
attaching it to each vertex of X. This operation generalizes to a k-fold cone
C (k) (X) in which k new vertices are introduced. A 2-fold cone is known as
c
suspension. Finally, Km,n = Km
∗ Knc . (See Exercise 1.17.)
§ 33. Graph Square. For a given graph X its square X (2) is a graph
on the same vertex set with two vertices adjacent if and only if they are at
distance at most 2 in X.
§ 34. Bipartite Graphs. A graph G = (V, E) is bipartite if V can be
partitioned into two (nonempty) sets V1 and V2 such that each edge has
one of its endvertices in V1 the other in V2 . Note that if G is connected and
bipartite, the bipartition of the vertex set is uniquely determined, namely two
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vertices are in the same set of the bipartition if and only if their distance in G
is even. For disconnected graphs, bipartiteness clearly implies bipartiteness
of its connected components. If G has c + 1 nonempty bipartite connected
components, there are 2c bipartitions of the vertex set. There are several
standard ways to indicate in a drawing that a graph is bipartite, for example
to arrange the vertex sets V1 and V2 on two different lines, see Figure § 33. b.
One also indicates the bipartition by coloring the vertices, say, black and
white. The it is easy to check if indeed every edge has one black and one
white endpoint, see for example Figure § 33. a.
We first want to explore the structure of regular bipartite graphs. If
every vertex of G = (V1 ∪ V2 , E) has valence k, then k|V1 | = k|V2 |, and unless
k = 0, we have |V1 | = |V2 |, i. e. V must be partitioned into two sets of
equal cardinality, in particular, |V | must be even. For k = 1 we get a set
of mutually non-incident edges. If a graph G contains a spanning subset of
non-incident edges, we say that G contains a 1-factor.
We now can prove the following theorem.
Theorem 1.4. Every k-regular bipartite graph G can be written as the edge
disjoint union of k 1-factors.
Proof. We use induction on k. For k = 1, there is nothing to show. We
assume k > 1 and want to show that a k-regular bipartite graph G contains
a 1-factor F . We then use the induction hypothesis on K − F to obtain the
desired decomposition of the edge set.
To construct a 1-factor, select mutually non-incident edges until every
edge not yet selected is incident with at least one of the edges selected so
far. Let us call this maximal set of mutually non-incident edges M . If M
is not spanning, let v be a vertex not covered by M and consider the set A
of all paths starting at v, then using an edge of M , an edge not in M , then
an edge in M , etc,. We can find a set of mutually non-incident edges which
is of larger cardinality than M if there is at least one path in A that ends
at another uncovered vertex u, by removing from M all edges of M on this
u − v-path and adding its edges not in M . If A does not contain such a path,
then the subgraph of G induced by A has only one vertex, namely u, which
is not covered by M and all of its vertices in the same bipartition class as u
are of valence k, which is impossible if none of its vertices is of valence more
than k.
This theorem enables us to encode regular bipartite graphs on 2n vertices
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by k permutations of n.Given n black and n white vertices and a k-regular
graph on these 2n vertices with a bipartition indicated by the vertex color,
we may list, for each 1-factor, the black endpoints of the edges starting at
the white vertices. Conversely, k permutations on n symbols give rise to a k
regular bipartite (simple) graph, provided that distinct permutations move
a symbol to distinct symbols.

a

A

b

B

c

C

d

D

Figure 1.20: The graph from Example 1.5.

Example 1.5.
1 4 3 2
2 3 1 4
encodes the graph on the vertex set {a, b, c, d, A, B, C, D} and edge set
{(a, A), (b, D), (c, C), (d, B), (a, B), (b, C), (c, A), (d, D)}. See Figure 1.20.
If we want to relax the condition of regularity to allow unequal bipartition,
we can at least require that all vertices of the same color have the same
valence. In this case we call the bipartite graph semiregular. We write
G = (V1 ∪ V2 ; k1 , k2 ) to indicate bipartition and vertex valences. Prescribing
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the size of the bipartition imposes restrictions on the values of k1 and k2 .
Certainly k1 is bounded by |V2 | for a simple graph G, moreover for G =
(V1 ∪ V2 ; k1 , k2 ) we must have |V1 |k1 = |V2 |k2 .
Given |V1 | and |V2 |, we might ask for all possible values of k1 and k2
so that a semiregular bipartite G = (V1 ∪ V2 ; k1 , k2 ) exists. |V1 | = 5 and
|V2 | = 3, for example, allow the only possible solution k1 = 3 and k2 = 5,
yielding the complete bipartite graph K3,5 as the unique structure satisfying
the requirements.
Given k1 and k2 we may ask for the smallest vertex set, on which there
is a semi-regular bipartite graph with the prescribed regularity, again we get
as a unique answer a complete bipartite graph.
It is not difficult to show, see Exercise 1.25, that the obvious necessary
conditions on the parameters, mamely |V1 |k1 = |V2 |k2 , k1 ≤ |V2 | and k2 ≤ |V1 |
are also sufficient for the existence of a simple semi-regular bipartite graph
G = (V1 ∪ V2 ; k1 , k2 ). This situation changes drastically, if we add the extra
requirement for G to have girth larger than 4.
To construct a graph G = (V1 ∪ V2 ; k1 , k2 ) of girth larger than 4 we need
to insure that all k1 neighbors of a vertex in |V1 | have disjoint sets of k2 − 1
neighbors in |V1 | and we get the necessary condition |V1 | ≥ 1 + k1 (k2 − 1). By
symmetry, we have the corresponding requirement on the size of |V2 |, namely
|V2 | ≥ 1 + k2 (k1 − 1). Unfortunately these obvious necessary conditions are
not sufficient to ensure the existence of G. According to Gropp [41], there
does not exist any 5 regular bipartite graph on 44 vertices of girth larger
than 6. The smallest parameter set satisfying the necessary conditions, but
for which the existence of a bipartite semi-regular graph is not known is:
|V1 | = 30, |V2 | = 20, k1 = 4, k2 = 6. [41] gives several more examples.

1.2

From Geometry to Graphs and Back

There are numerous paths leading from geometry to graphs and back. We
have already met the skeleta of polyhedra as a rich source of interesting
graphs. Here we mention some more of such interesting connections. But
first let us recall the concept of metric space. This structure lies somewhere
between geometry and topology. It captures those properties of usual Euclidean space that measure distance between any two points in space.
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§ 35. Metric Space and Distance Function. A set M together with
a function d : M × M → R is called a metric space if the following is true:
1. For any two points x, y ∈ M there is d(x, y) ≥ 0 and d(x, y) = 0 if and
only if x = y.
2. For any two points x, y ∈ M there is d(x, y) = d(y, x)
3. For any three points x, y, z ∈ M there is d(x, y) ≤ d(x, z) + d(z, y).
Function d is called the distance function of M .
Example 1.6. Euclidean
plane R2 = {(x, y)|x, y ∈ R} is a metric space for
p
d((x, y), (x0 , y 0 )) = (x − x0 )2 + (y − y 0 )2
The same set can be endowed with different distance functions. Given
a metric space, we can define a closed ball B(x, r) with center x ∈ M and
radius r > 0 as follows:
B(x, r) = {y ∈ M |d(x, y) ≤ r}.
§ 36. Distances in Graphs. In a connected graph G we define the
distance dG (u, v) between vertices u, v ∈ V (G) to be the length of the shortest
path between u and v. Clearly dG defines a metric space on the vertex set
V (G). Usually we describe the metric space by the distance matrix D(G)
with entry Di,j = dG (vi , vj ) for a given ordering v1 , v2 , ..., vn of the vertices
of G. For an arbitrary vertex v ∈ V (G) we define the distance sequence
dG,v = (1, d1 , d2 , · · · ) where dk denotes the number of vertices at distance k
from v. Usually we only consider dk > 0.
Example 1.7. Since all vertices in a prism graph are indistinguishable there
is only one distance sequence. For instance, for Π3 we have d( Π3 , v) =
(1, 3, 2). Similarly we get: d( Π4 , v) = (1, 3, 3, 1), d( Π5 , v) = (1, 3, 4, 2).
§ 37. Intersection Graphs. Given a family of sets B = {B1 , B2 , . . . , Bn }
we may define its intersection graph. The vertex set is B and two vertices
are adjacent if and only if the corresponding sets have non-empty intersetion.
Note: There is a variation to this construction. Namely, we may construct a
general graph by putting |Bi ∩ Bj | edges between Bi and Bj .

1.2. FROM GEOMETRY TO GRAPHS AND BACK

49

Example 1.8. Consider the following 7 sets in the plane: 6 segments: the
three sides of a regular triangle, the three heights, and the inscribed circle (see
Figure xx?). It is not hard to see that the corresponding intersection graph
is K7 .
Intersection graphs are universal, in the sense that any graph can be
represented as an intersection graph. However, if we restrict our attention
to some special classes of sets we get sometimes interesting mathematical
questions.
§ 38. Intersection Graphs of a Family of Balls. Given a set of n
points V = {v1 , v2 , . . . , vn } in some metric space and a positive number
r > 0, we may draw n closed balls Bi := B(vi , r), i = 1, 2, . . . , n, each ball Bi
centered at vi and having radius r. Define a graph G(V, r) as follows: The
vertices are the n selected points. Two vertices vi and vj are adjacent iff the
corresponding balls intersect, i.e. if Bi ∩ Bj 6= ∅. The radius r will be called
a unit and the graph the unit sphere graph.

Figure 1.21: The grid graph Gr(3, 5). This is the same as the Cartesian
product P3 ¤P5 of paths P3 and P5 .
Here are some specific examples:
Example 1.9. Let us select the following points in the Euclidean plane:
(x, y), x ∈ {1, 2, . . . , a}, y ∈ {1, 2, . . . , b}. Hence n = ab. Let r = 0.5. The
unit sphere graph is the well-known a × b grid graph Gr(a, b). The grid graph
is also known in graph theory as the Cartesian product of the paths Pa and
Pb . Figure § 38. shows the case for a = 3 and b = 5.

50

1. FROM GRAPHS TO GEOMETRIES

Figure 1.22: The strong product of paths P3 and P5 .

§ 39. Unit Sphere Graphs. Unit sphere graphs are a special case of
intersection graphs. Given a family of sets {S1 , S2 , . . . , Sn } we define a graph
on n vertices as follows: the vertex set is {S1 , S2 , . . . , Sn }. Two vertices Si
and Sj are adjacent if and only if Si ∩ Sj 6= ∅. By selecting various geometric
objects we get interesting families of graphs. For instance, the so-called
interval graphs are intersection graphs of finite families of line segments in
the R1 line.
It would be interesting and useful to characterize the unit sphere graphs
in R2 and R3 . For instance, all platonic graphs arise as unit sphere graphs
in R3 . One has to take the vertices of the corresponding platonic solid and
radius r the half of the edge length.
Example 1.10. In order to obtain cube Q3 one can take
V = {(0, 0, 0), (0, 0, 1), (0, 1, 0), (0, 1, 1), (1, 0, 0), (1, 0, 1), (1, 1, 0), (1, 1, 1)}
and r = 1/2.
This example shows that the cube graph can be described by a careful
choice of 8 points in some metric space. There is another approach to this
construction. It involves convex sets.
§ 40. Convex sets. A set of points K ⊆ R3 is convex, if for any two
points x, y ∈ K any point z on the line segment from x to y belongs to K.
For any set S ⊆ R3 we can find the smallest convex set S ⊆ conv (S) ⊆ R3 ,
called the convex closure of S.
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Example 1.11. The convex closure of the set
V = {(0, 0, 0), (0, 0, 1), (0, 1, 0), (0, 1, 1), (1, 0, 0), (1, 0, 1), (1, 1, 0), (1, 1, 1)}
is the cube.
This gives us another general mechanism for constructing graphs from
simple geometric objects.:
finite setS → conv (S) → skeleton
Starting with a finite set of points in R3 , its convex closure is a convex
polyhedron whose 1-skeleton is a graph.
It is time we change the direction and construct geometries from graphs.
The geometries we have in mind are mostly finite.
The intersection graph of the family of curves depicting the Fano configuration is K7 and does not capture the whole combinatorial structure of the
configuration.
There is another graph that does that much more accurately. Take in
addition to the sets Bi also all the sets Ci,j = Bi ∩ Bj that are not empty.
Define a graph that has all these vertices and there is an edge between Ci,j
and Bi (and Bj ). In the case of Fano plane we get a cubic graph on 14
vertices that is bipartite. It captures all the combinatorial structure of the
Fano plane.
§ 41. Representations and Drawings of Graphs. Let G be a graph
and let S be a set. A pair of mappings ρV : V (G) → S, ρE : E(G) → P(S)
is called a graph representation or an S-representation of graph G if ρV (v) ∈
ρE (e) if v is incident with e. If there is no fear for confusion we omit the
subscripts of ρ since the argument determines which mapping is considered.
We only consider representations for which no pair of vertices is mapped to
the same element of S.
Sometimes we only specify ρV and have no need for ρE . In such a case
we may tacitly assume that for each e = uv ∈ E(G) we have ρE (uv) :=
{ρV (u), ρV (v)}.
If S is a vector space, the representation is called a vector representation,
if S is metric space, the representation is called a metric representation. In a
metric representation we may define the length of each edge e = uv relative
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Figure 1.23: Some generalized Petersen graphs are unit distance graphs. In
particular, this is true for G(6, 2).

to representation ρ as ||e||ρ = d(ρ(u), ρ( v)) > 0. In a simple graph G the
length of each edge is strictly positive.
We will consider mostly two cases when S is taken to be R2 or R3 . In both
cases the representation is both metric and vector representation. The first
one is called planar the second one spacial representation. In both cases we
define ρE (uv) := conv(ρ(u), ρ(v)). Each edge is therefore represented as the
line-segment connecting the two represented vertices. Such a representation
is called graph drawing.
Each figure depicting graph in this book has now a formal description as
a graph drawing defined above. We have to define when two drawings are
equal (or equivalent). Obviously we may consider two drawings that differ
for an isometry equivalent. But we may also neglect the difference in scale.
This means, for instance, we can always take the barycenter in the origin and
take the shortest edge length to be 1. If we are given an ordering of vertices
we may thus define the unique ”standard” equivalent drawing. For instance,
we may define the energy of a drawing to be the sum of the lengths of all
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line-segments representing the edges.
We may define the dilation coefficient as the quotient between the longest
and shortest edge of the drawing. Graph drawings with dilation coefficient 1
are known as unit distance graphs.
§ 42. Generalized Petersen Graphs as Unit Distance Graphs. Some
generalized Petersen graphs G(n, k) can be drawn in the plane as unite distance graphs. We embed the outer rim as a regular polygon with a side of
length 1. We also embed the inner rim as a collection of star polygons of
the side of length 1. If k = 1, the inner polygon is congruent the outer polygon. After shifting it in a general direction for a unit, we get the appropriate
coordinates for the representation. If k 6= 1 the radius of the inner circle is different from the radius of the outer circle. This means we can rotate the inner
circle for an angle in such a way that the distance between the two adjacent
vertices along a spoke becomes 1. The vertices of the outer rim are given the
coordinates ρ(vi ) = (R cos(iπ/n), R sin(iπ/n)) and the vertices in the inner
rim are given the coordinates ρ(ui ) = (r cos(φ + iπ/n), r sin(φ + iπ/n), where
R = 1/(2 sin(π/n)), r = 1/(2 sin(rπ/n)) and φ = arccos((R2 +r2 −1)/(2rR)).
This method works if R−r < 1. In particular, the case of Dürer graph G(6, 2)
is shown in Figure § 40..
Proposition 1.12. Every prism graph Πn graph can be drawn in the plane
as a unit distance graph.
§ 43. Graphs from Polyhedra. The following example shows how we
can associate a graph to any convex polyhedron. We use the cube as an
example.
Example 1.13. The cube has 8 vertices:
1, 2, 3, 4, 5, 6, 7, 8,
12 edges:
a, b, c, d, e, f, g, h, i, j, k, l,
and 6 faces:
A, B, C, D, E, F.
Define a graph on 8+12+6 = 26 vertices with the property that two elements
x and y are adjacent in the graph if and only if they are incident on the cube.
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Figure 1.24: The graph defined in Example 1.13.

Observe that the graph we obtained in the Example ?? has an interesting
property. The set of vertices can be partitioned in three subsets in such a
way that edges connect vertices from different sets. This idea is very powerful
and well-known in graph theory. It is called the vertex coloring.
§ 44. Vertex Colorings. An mapping c from V (X) to any finite set of
colors C is called a vertex coloring if not two adjacent vertices are assigned
the same color of C. The smallest number of colors needed for a (proper)
vertex coloring of a graph G is called a chromatic number of a graph and is
denoted by χ(G).
Example 1.14. It is not hard to see that the chromatic number of a cycle
Cn is 2 if n is even and 3 if n is odd.
Example 1.15. Clearly, the chromatic number of tetrahedron is 4. Since
octahedron graph is K2,2,2 , its chromatic number is 3. Cube is bipartite,
therefore it has chromatic number equal to 2. Since dodecahedron contains
an odd cycle, its chromatic number is at least 3. It is not hard to find a
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proper 3-coloring of G(10, 2). We leave the determination of the chromatic
number of icosahedron to the Exercises.
Study of colorings of graphs constitute an important branch of graph
theory. The problem of determining the exact upper bound on the chromatic
number of planar graphs was an outstanding open problem in graph theory
and it’s solution is known under the name Four Color Theorem. Clearly
colorings of graphs played an important role in the development of topological
graph theory. It may come as a surprise the fact that the graph with a given
vertex coloring is a faithful image of a geometry, an incidence geometry.
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M2

M3

M4

M2

M3

M4

Figure 1.25: Small Möbius ladders Mn .

1.3

Exercises

Exercise 1.1. Show that K4 , K2,2,2 , Q3 , G(10, 2) are four out of the five platonic graphs. Design a graph-theoretical method for constructing the missing
icosahedron graph.
Exercise 1.2. Show that the wheel graph Wn is isomorphic to the cone over
Cn .
Exercise 1.3. Show that K2,2,2 is isomorphic to the suspension over C4 .
Exercise 1.4. Show that Kn+1 is isomorphic to the cone over Kn .
Exercise 1.5. Show that Πn is isomorphic to the product K2 ¤Cn .
Exercise 1.6. Möbius ladder Mn is obtained from the cycle C2n by adding
n main diagonals.
V = {v1 , v2 , . . . , v2n }
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E = {v1 v2 , v2 v3 , . . . , v2n−1 v2n , v2n v1 , v1 vn+1 , v2 vn+2 , . . . , vn v2n }
.
Exercise 1.7. Prove that the Möbius ladder Mn can be obtained from the
prism graph Πn by deleting and reattaching only two edges.
Exercise 1.8. Prove that the Möbius ladder Mn is bipartite if and only if n
is odd.
Exercise 1.9. Show that ¤ is associative.
Exercise 1.10. We defined Qn , the hypercube in dimension n, as cartesian
product of n factors equal to K2 . Show that Qn may also be defined as follows:
The vertex set of Qn consists of n-tuples of 0’s and 1’s. Two vertices are
adjacent if they differ in exactly one coordinate.
Exercise 1.11. Show that G1 ¤G2 is connected if and only if both G1 and
G2 are connected.
Exercise 1.12. Show that if G1 and G2 are both connected, then G1 ¤G2 is
2–connected.
Exercise 1.13. Given the valence of a vertex v1 ∈ V (G1 ) and the valence of
v2 ∈ V (G2 ), what can you say about the valence of (v1 , v2 ) ∈ V (G1 ¤G2 )?
Exercise 1.14. The definition of a cycle Cn in paragraph § 6. applies to cycles with n ≥ 3. Define C1 (the loop) and C2 a general graphs (see paragraph
yy).
Exercise 1.15. Any regular n−gon P (n), n ≥ 3 defines a graph X(n) whose
vertex set consists of vertices of P (n) and two vertices are adjacent if and
only if they belong to the same edge of P (n). Prove that X(n) is isomorphic
to the cycle Cn .
Exercise 1.16. Prove that the strong product of any two paths is a unit
sphere graph.
c
.
Exercise 1.17. Show that Km,n = Knc ∗ Km
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B1 - Benzene

B2 -Naphthalene

B3 -Anthracene

B4 -Phenanthrene

B5 - Phenalene

B6 -Chrysene

Figure 1.26: Small benzenoid graphs.

1.3. EXERCISES

59

Exercise 1.18. A graph is called a benzenoid graph1 if it can be obtained by
selecting a connected subset of hexagons in an infinite planar hexagonal lattice
(representing graphite). Show that all benzenoid graphs can be described as
unit sphere graphs in the plane.
Exercise 1.19. Let K(X) denote the number of 1-factors in a graph G.
Show that benezene has two 1-factors: K(B1 ) = 2.
Exercise 1.20. Prove that a bipartite graph with bipartition sets of unequal
size has no 1-factor. Use this result to show that K(B5 ) = 0.2
Exercise 1.21. Determine K(Bn ), for the bezenoid graphs in Figure xx.
Exercise 1.22. Show that Mn admits descrption via LCF notation. Show
that it is isomorphic to the graph [(n)2n ].
Exercise 1.23. Prove that there is - up to an isomorphism - only one cubic
graph on 4 vertices with 3 loops.
Exercise 1.24. Prove the following result. A graph is bipartite if and only
if it contains no cycles of odd length.
Exercise 1.25. Given the parameters |V1 |, |V2 |, k1 , k2 , satisfying |V1 |k1 =
|V2 |k2 , k1 ≤ |V2 | and k2 ≤ |V1 | construct a semi-regular bipartite graph G =
(V1 ∪ V2 ; k1 , k2 ). Hint: Let the i’th vertex of V1 be adjacent to vertices {i, i +
1, . . . , i + k1 − 1(mod|V2 |)}.
Exercise 1.26. Formulate and prove a structure theorem analogous to Theorem 1.4 for semi-regular bipartite graphs.
Exercise 1.27. Here is a table for the Fano configuration:
1 1 1 2 2 3 3
2 4 6 4 5 4 5
3 5 7 6 7 7 6
Draw the corresponding regular bipartite graph and rewrite the table to reflect
the partition into 1-factors.
1

In theoretical chemistry a benzenoid graph is sometimes defined in various slightly
different ways. Benzenoid graphs represent molecules of polyhexes, i.e. polycyclic aromatic
hydrocarbons. Vertices correspond to carbon atoms while hydrogen atoms are not shown.
2
In chemistry, 1-factor is called a Kekule structure. It is known that polyhex hydrocarbons without Keluke structures are extremely unstable. For instance, this is the case
with phenalene.
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Exercise 1.28. What is the girth of the graph in Exercise 1.27?
Exercise 1.29. Determine the size of the smallest cubic bipartite graph of
girth larger than 4 and construct an example.
Exercise 1.30. A fullerene is a trivalent convex polyhedron whose faces are
only pentagons and hexagons. We also call its skeleton by the same name.
Prove that the smallest fullerene has 20 vertices.
Exercise 1.31. Prove that any fullerene has exactly 12 pentagons.
Exercise 1.32. Prove that there are no fullerens on 22 vertices.
Exercise 1.33. Find all fullerenes among the generalized Petersen graphs.
Exercise 1.34. Find all fullerenes among the Platonic and Archimedean
graphs. Prove that any fullerene has exactly 12 pentagons.
Exercise 1.35. Draw all nonisomorphic trees on n vertices for n = 1, 2, 3, 4.
Exercise 1.36. Show that a graph is a forest if and only if each of its connected component is a tree.
Exercise 1.37. Prove that the generalized Petersen graphs G(7, 2) and G(7, 3)
are isomorphic.
Exercise 1.38. Prove that the generalized Petersen graphs G(8, 2) and G(8, 3)
are not isomorphic.
Exercise 1.39. Prove that the girth of the Petersen graph G(5, 2) is 5.
Exercise 1.40. Determine all generalized Petersen graphs G(n, r) of girth
5.
Show that the graph in Figure 1.41 is indeed the complement of the square
of the Dürer graph.
Exercise 1.42. Prove that every graph is an intersection graph of some
family of sets. In particular, determine a family of sets whose intersection
graph is isomorphic to G(5, 2).
Exercise 1.43. Determine the coordinates for the vertices of a 4-valent polyhedron whose skeleton is isomorphic to the cuboctahedron graph.
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Exercise 1.41.
c

Figure 1.27: G(6, 2)2 .
Exercise 1.44. Determine the chromatic number of all Archimedean graphs.
Exercise 1.45. Define the notion of an isomorphism for general graphs and
pregraphs.
Exercise 1.46. Find the optimal dilation coefficient of any planar representation of the Moser graph in Figure 1.3.
Exercise 1.47. Show that there exists a spatial drawing of Q3 with dilation
coefficient 1.
Exercise 1.48. (*) Find a planar drawing of Q3 with the lowest dilation
coefficient. Is it unique?
Exercise 1.49. (*) Find a planar drawing of a generalized Petersen graph
G(n, r) with dilation coefficient 1.
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Figure 1.28: The Moser graph.
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(d, g)-cage, 93
1/2-arc-transitive, 79
103 anti-pappian configuration, 251
t-arc, 78
t-arc-transitive, 78
Ádám conjecture, 213
Žitnik, Arjana, 2
Škoviera, Martin, 82
1-dimensional subdivision, 125
1-factor, 45
2-dimensional subdivision, 129
2-skeleton, 97
3-arc-transitive bipartite graph, 257
6-cage, 188
8-cage, 91

Baker,, 159
Baker, Henry, 10
Balaban,Alexandru, 32
ball closed, 48
barycentric subdivision, 129
base graph, 90
Bauer, , 10
Bauer, Andrej, 2
benzenoid graph, 59
Betten, Anton, 2
bi-Cayley graph, 211
bicirculant, 211
Biggs, Norman, 78
binary tree, 30
bipartition set, 82
block system, 184
Boben, Marko, 2, 176
Bokowski, Jürgen, 2
bouquet of circles, 123
Bouwer, , 81
Brianchon, Charles, 10
Brinkmann, Gunnar, 2
Burnside’s Lemma, 74

absolute line, 200
absolute point, 200
abstract polytope, 154
abstract simplicial complex, 152
addition, 143
adjacency, 19
affine plane, 172
affine space, 172
alternating group, 70
Antipodal dual, 131
archimedean graphs, 37
Archimedean polyhedra, 75
augmented plane, 171
automorphism, 63

cage, 31
canonical nuber, 214
Caporali, , 10
cartesian product, 40
Castelnuovo, Guido, 10
Cayley graph, 72, 138, 211
Cayley line, 10
263

264
Cayley, Arthur, 10
center, 100
chamber, 152, 156
chamber graph, 152, 156, 157
chamber system, 156
chamfering operation, 133
chromatic number, 54
circulant, 211
symbol, 211
clique, 151
closed ball, 48
co-flag, 163
combinatorial configuration, 11
combinatorial design, 11
combinatorial map, 129, 157
combinatorial surface, 108
commutator, 72
commute, 65
complete bipartite graph, 26
complete graph, 24
complete multipartite graph, 27
complex number, 68
Conder, Marston, 2
cone, 44
apex, 44
configuration, 10, 12, 183
configuration table, 216
configurations
representation, 242
conjugate, 66
connected, 30
connectivity, 30
convex closure, 50
convex polyhedron, 95
convex set, 50
covering graph, 90
covering transformation, 139
Coxeter graph, 196, 258

GENERAL INDEX
Coxeter, H. S. M. , 9
Cremona, Luigi, 10, 196
Cremona-Richmond configuration,
196
Cremona-Richmond graph, 31
crosscap, 108
crosscap number, 97
cube, 125
cubic, 39
cuboctahedron, 97
cubohemioctahedron, 97
cvs, 2
cycle, 21
cyclic, 216
cyclic equivalence, 213
cyclic Haar graph, 211
cyclic permutation, 15
Dürer graph, 30, 191
Daublebsky von Sterneck, 194
degree, 16
derangement, 15
Desargues configuration, 192
Desargures configuration, 159
Descartes, Rene, 143
design, 167
diagram, 157
dihedral group, 71
dipole, 91, 211
disk, 97
distance, 48
distance function, 48
distance matrix, 48
distance sequence, 82
dodecahedron, 37
double torus, 112
dual, 123
dual map, 104
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dual type, 146
embedded square, 132
endpoint, 19
endvertex, 19, 20
Escher,M.C., 75
Euclid, 143
Euclidean geometry, 143
Euler characteristic, 33
Euler characteristics, 107
Eulerian surface triangulation, 148
face, 33
factorization, 156
Fano configuration, 12
Fano plane, 188
Fano, Gino, 12
fixed point, 15
fixed-point free involution, 15
fixed-point free permutation, 15
flag, 101, 151
co-rank, 146, 156
elliptic, 163
hyperbolic, 163
parabolic, 163
rank, 146
type, 146
flag system, 149
Folkman graph, 81
forest, 30
four dimensional cube Q4 , 191
Frucht, Roberto, 82
fullerene, 60
gallery, 156
generalized k-gon, 157
generalized n-gon, 167
generalized digon, 180
generalized Petersen graph, 87, 90
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generalized quadrangle, 157, 181
generalized Reye geometry, 155
generalized rotagraph, 93
generalized triangle, 180
generator, 71
genus, 96, 109
geometric configuration, 11, 242
geometric strongly regular graph,
167
geometry
truncation, 152
girth, 31
Godsil, Chris, 2, 101
Goldberg operations, 133
Grünbaum graph, 147
Grünbaum, Branko, 2, 11
Graovac, Ante, 2
graph, 19
K2,2,2 , 95
3-connected, 95
antiprism, 38, 93
arc-transitive, 78
automorphism, 63, 75
clique, 146
complement, 162
cone, 44
edge set, 19
edge-orbit, 77
edge-transitive, 77
generalized Petersen graph, 28
indistinguishable vertices, 75
isomorphism, 20
k-regular, 39
LCF notation, 39
Moebius ladder, 56
multigraph, 33
polyhedral, 95
pregraph, 34
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prism, 37, 93
regular, 39, 167
semi-edge, 34
semi-symmetric, 81
simple, 19
strongly regular, 167
vertex set, 19
vertex-transitive, 77
wheel, 39
zero-symmetric, 80
graph complement, 42
graph induced by polarity, 202
graph invariant, 20
graph join, 44
graph representation, 51
graph square, 44
graph union, 44
Graphical regular representation, 73
graphical simplicial complex, 156
Graver,, 82
Gray graph, 81
Gray, Marion C., 81
Gropp, Harald, 2, 196
Grossman, , 10
group, 63, 64
Abelian, 66
action, 69
commutative, 66
inverse, 65
order, 64
unit element, 65
group Θ, 103
group A, 103
group action
regular, 79
group homomorphism, 66
group isomorphism, 67
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group presentation, 71
group table, 67
GRR, 73
GRR (graphical regular representation, 211
Haar equivalence, 213
Haar graph, 211
Haar integral, 211
halfedge, 90
Hamilton cycle, 82
hamilton cycle, 30
Hamilton, , 82
handcuff graph, 87
handle, 108
Handshaking Lemma, 19
Hausdorff space, 100
Heawood graph, 31, 188
heptahedron (see tetrahemihexahedron), 96
Hess configuration, 157
Hess, Edmund (1843–1903), 155, 157
Hesse, Otto, 10
hexagrammum mysticum, 9, 10, 32
Cayley-Salmon, 160
Cremona point, 160
Kirkman plane, 160
Pascal line, 160
Plücker point, 160
Salmon plane, 160
Steiner plane, 160
hexahedron, 37
Hilbert,David, 143
Hladnik, Milan, 2
Hoelder,, 64
homeomorphism, 100
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hypercube, 40, 152
hyperplane, 152
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identity permutation, 15
imprimitive group action, 69
incidence geometry, 145
antiautomorphism, 146
automorphism, 146
flag-transitive, 146
maximal-flag-transitive, 146
chamber-transitive, 156
configuration, 146
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duality, 146
flag, 146
Levi graph, 146
maximal flag, 146
morphism, 146
polarity, 146
rank, 146
residually connected, 151
strongly connected, 147
type, 146
type function, 146
incidence geometry., 55
incidence relation, 144
incidence structure, 144
block graph, 162
blocking set, 162
blocking set free, 162
co-flag, 161
co-simple, 162
colinear points, 162
collinear points, 161
configuration graph, 162
connected, 162
decomposable, 162
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degree of a block, 162
degree of a block set, 162
degree of a point, 162
degree of a point set, 162
dual, 161
dual Menger graph, 162
dual structure, 161
flag, 161
incidence graph, 162
incidence matrix, 161
Levi graph, 162
Menger graph, 162
parallel class, 162
partial parallel class, 163
point graph, 162
representation, 242
resolvable, 163
simple, 162
square, 162
symmetric, 162
incident, 19
index, 66
induced subgraph, 30
integers, 64
integers mod n, 65
internal vertex, 20
interval graph, 50
inverse, 65
involution, 15, 34
fixed-point free, 15
isomorphism, 20, 63
Jurišić, Aleksandar, 2
kernel, 67
Kirkman point, 10
Kirkman, Thomas, 10
Klein 4-group, 67
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Klein bottle, 97, 112
Klein, Felix, 196
Klug, , 10
Krausz partition, 157
Kronecker double cover, 91
LCF notation, 39, 138
leapfrog, 132
left coset, 66
Leibniz, Gottfried W. , 9
Levi graph, 144, 146, 257
Levi,, 101
Levi, Friedrich, 10
Leydold, Josef, 2
line, 12
line graph, 42, 80, 138, 139, 157
line segment, 242
line-graph, 127
lineal incidence structure, 165
linear algebra, 143
linear space, 165
nondegenerate, 166
nontrivial, 166
proper, 166
restricted, 166
Malnič, Aleksander, 2
manifold, 100
map, 97, 100, 157
non-orientable, 103
orientable, 103
map projection, 105
Marušič, Dragan, 2
McMullen, Peter, 154
medial, 127
Menger graph of a given type, 147
Merniger, Markus, 93
metric space, 48
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Miquel configuration, 12
Miquel,, 12
Moebius configuration, 191
Moebius-Kantor configuration, 190
monograph, 93
multigraph, 33
n-connected, 30
near-pencil, 166, 170
nearlinear space, 165
Nedela, Roman, 82
non-orientable genus, 96
nonorientable genus, 109
normal subgroup, 66
object
dull, 5
interesting, 5
octahedron, 37, 95
octahemioctahedron, 97
one-skeleton, 95
open disk, 100
Orbanicč, Alen, 2
orbit, 69, 75
order, 16
ordered geometry, 153
ordinary voltage assignment, 90
orientable genus, 109
orientation class, 103
Pappus, 12
Pappus configuration, 12, 15, 192,
257
Pappus graph, 141, 192, 257
parallel classes, 172
parallel simplification, 125
parallelism, 172
parallelization, 125
partial geometry, 166
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Pascal configuration, 10
Pascal line, 9, 10
Pascal, Blaise, 9, 10
Pasini geometry, 147
residuum, 147
Pasini,, 147
path, 20
endvertex, 20
internal vertex, 20
permutation, 14
degree, 16
even, 70
fixed-point free, 15
odd, 70
order, 16
permutation derived graph, 90
permutation voltage assignment, 90
Petersen graph, 31
Petkovšek, Marko, 2
Petrie dual, 131
Plücker line, 10
Plücker, Julius, 10
planar incidence structure, 165
plane embedding, 33
platonic graphs, 37
Platonic polyhedra, 75
Plestenjak, Bor, 2
point, 12
polar decomposition, 202
polar structure, 202
polycyclic permutation, 15
polygonal complex, 149
polyhedron, 95
poset, 153
interval, 154
Potočnik, Primož, 2
power set, 155
pregraph, 34
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projective plane, 112, 157
topological, 96
projective space, 171
pseudo-geometric strongly regular
graph, 167
pseudoline, 242
pure graph square, 147
pyramid graph, 39
quaternion, 68
quaternion group, 68
quotient, 66
Randić, Milan, 2, 138
rank function, 153
ranked poset, 153
connected, 154
path, 154
real numbers, 64
real plane, 143
reduced word, 71
redundant number, 215
regular map., 116
regular polar decomposition, 202
relator, 71
representation, 242
flag-faithful, 243
line-faithful, 243
point-faithful, 243
residue, 151
residuum, 151
Reye configuration, 145
Reye,Theodor, 11
Richmond,, 196
Richmond, Herbert, 10
right coset, 66
Ringel, Gerhard, 101
rotagraph, 93
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rotation square, 132
Royle, Gordon, 101
Sabidussi,Gert, 79
Salmon pint, 10
Salmon, Georg, 10
Salmon, George, 10
scalar multiplication, 143
Schlegel diagram, 95, 100
Schur norm, 211
Segre, B. (1942), 159
semi-edge, 34, 211
semi-regular, 47
semi-regular permutation, 15
semicyclic configuration, 216
semiedge (see halfedge), 90
semilinear incidence structure, 165
Servatius, Herman, 2
Servatius,Brigitte, 2
shadow, 152
shadow space, 152
Shawe-Taylor, John, 2
Shulte, Egon, 154
simple graph, 19
simplicial complex, 155
simplification, 125
skeleton, 34, 47
snub, 132
spanning subgraph, 30
spanning tree, 30, 33
sphere, 97, 112
Steiner point, 10
Steiner, Jakob, 10
Steinitz,Ernst, 159
stereographic projection, 95
strong product, 42
strongly connected geometry, 147
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strongly flag-transitive configuration.,
233
strongly regular graph, 167
strongly regular polar decomposition, 202
subdivision graph, 42
subgeometry, 152
subgraph
spanning, 30
subgroup, 65
surface, 100
suspension, 44
Sylow subgroup, 138
Sylow, , 138
Sylvester, James, 10
tensor product, 40, 93
ternary ring, 173
tetrahedron, 13, 37, 123
tetrahemihexahedron, 96
tetravelent, 80
theta graph, 91
thick geometry, 156
thin geometry, 156
Tits,Jacques, 11
Titts building, 151
Titts, Jacques, 151
torus, 97, 112
transversal geometry, 156
transversal line, 158
tree, 30, 33
triangle, 157
truncated geometry, 152
truncation, 129
Tutte 8-cage, 31
Tutte,, 101
uniform polyhedron, 96
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unit, 49
unit distance graph., 53
unit element, 65
unit sphere graph, 49, 50
unitary map, 108
valence, 19
vector space, 143
addition, 143
scalar multiplication, 143
Vega, 20
Veronese, Giuseppe, 10
vertex coloring, 54, 155
vertex figure, 153
vertex orbit, 77
voltage graph, 90
Von Staudt, Karl, 10
wall, 152, 156
Watkins graph, 261
Watkins, Mark, 82, 261
weakly flag-transitive configuration,
233
Wells, David, 10
White, Arthur, 6
Wilson, Steve, 2
word, 71
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